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MODULAR LINEAR DIFFERENTIAL EQUATIONS OF FOURTH ORDER
AND MINIMAL W-ALGEBRAS
KAZUYA KAWASETSU AND YUICHI SAKAI
Abstract. A characterization of the minimalW-algebras associated with the Deligne exceptional
series at level −h∨/6 is obtained by using one-parameter family of modular linear differential
equations of order 4. In particular, the characters of the Ramond-twisted modules of minimal
W-algebras related to the Deligne exceptional series satisfy one of these differential equations. In
order to obtain the characterization, the differential equations in the one parameter family which
have solutions of “CFT type” are classified, whose solutions are explicitly described.
1. Introduction
The modular linear differential equations (MLDEs) play an important role in the study of
2D conformal field theories, the theory of vertex operator algebras (VOAs) and the theory of
modular forms (see e.g. [MMS1], [KZ2], [DLM], [Mil], [T] and [AKNS]). For example, they have
appeared in attempts to classify C2-cofinite, rational VOAs and rational conformal field theories
(RCFTs) from their characters.
S. Mathur, S. Mukhi and A. Sen classified the unitary RCFTs whose characters satisfy the
second order MLDE of weight 0
(♯s) f
′′ − 1
6
E2f
′ − sE4f = 0 (s ∈ C),
where f is a function on the complex upper-half plane H and Ek is the normalized Eisenstein
series of weight k ([MMS1] and [MMS2]). Here
f ′ = D(f) =
1
2π
√−1
df
dτ
= q
df
dq
, (q = e2πiτ , τ ∈ H).
(The eq. (♯µ(t)), where µ(t) = t(t+2)/144 for t ∈ Q, is known as the Kaneko-Zagier equation [KZ2].)
In [MMS1] and [MMS2], they showed that such RCFTs coincide with the Wess-Zumino-Witten
models (WZW models) at level 1 associated to the Lie algebras in the sequence A1 ⊂ A2 ⊂ G2 ⊂
D4 ⊂ F4 ⊂ E6 ⊂ E7 ⊂ E8, which is called the Deligne exceptional series ([D]). Note that the
chiral algebra of the WZW model at level k ∈ Z≥0 associated to a simple Lie algebra g coincides
with the affine VOA at level k associated with the same Lie algebra g.
The main theme of this paper is the following relations between MLDEs and VOAs associated
with the Deligne exceptional series. We first prove a vertex operator algebraic analogue of the
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above result in [MMS2]. Let V be a self-dual simple, C2-cofinite, rational VOA of CFT type
such that the conformal weights of the V -modules are all non-negative and that the characters of
modules over V satisfy (♯s) for some s ∈ C. We show that V is isomorphic to the affine VOA at
level 1 associated with a Lie algebra in the Deligne exceptional series (Theorem 6.1 and Remark 6.1
(ii)).
Moreover, we find other MLDEs related to the Deligne exceptional series: we establish a char-
acterization of W-algebras associated with the Deligne exceptional series in terms of the following
one-parameter family of MLDEs of order 4. Let s be a complex number. We study the MLDE of
order 4 and weight 0 which has the form
D4(f)− E2D3(f) + (3D(E2) + α1(s)E4)D2(f)
−
(
D2(E2) +
α1(s)
2
D(E4)− α2(s)E6
)
D(f) + α3(s)E8f = 0,(♭s)
where
α1 =
−25s2 + 120s+ 1332
7200
, α2 =
(5s+ 6)2
14400
, α3 =
(s− 18)(s+ 6)(5s+ 6)2
8294400
.
In § 3, we give a necessary condition of s ∈ C such that (♭s) has a solution of CFT type, where
a function f is called of CFT type if f has a q-expansion f(τ) = qα(1 +
∑∞
n=1 anq
n), where α
is a rational number and an is a non-negative integer for each positive integer n. Moreover, we
construct exact solutions of (♭s) for these values of s in Appendices B–C.
The space spanned by the characters of modules over a simple, C2-cofinite, rational VOA of
CFT type is invariant under the slash action with weight 0 of SL2(Z), and is contained in the
space of solutions of a MLDE ([Zhu]). The modular invariance property for 1
m
Z-graded, simple,
C2-cofinite, Zm-rational, conical VOAs V is proved in [Va] (see also [DLM]), where m ∈ Z>0. Here
a 1
m
Z-graded VOA V =
⊕
n∈ 1
m
Z Vn is called conical if dimV0 = 1 and dimVn = 0 for all n < 0.
(Therefore, the conical Z-graded VOAs are the same as the VOAs of CFT type.)
Let W be a 1
2
Z≥0-graded VOA. Let W (0) and W (1) be the subspaces of W spanned by the
homogeneous vectors of weight Z and 1/2+Z, respectively. We say that W is proper 1
2
Z≥0-graded
if W (1) 6= 0. The space spanned by the characters of the modules over a proper 1
2
Z≥0-graded VOA
is not modular invariant, but the space spanned by the characters of the Ramond-twisted modules
is modular invariant (see § 5 for the details).
The W-algebras are 1
2
Z≥0-graded VOAs constructed using the Drinfeld-Sokolov reduction from
affine VOAs (see [KRW]). The characters of Ramond-twisted modules over W-algebras at admis-
sible levels are determined in [KW2]. Moreover, several examples ofW-algebras at non-admissible
levels are found to be C2-cofinite and Z2-rational in [K2]. Among them, the characters of the
Ramond-twisted modules over theW-algebraW−5(E8, fθ) satisfy the second order MLDE (♯µ(19/5))
([K2]). It was proved that there do not exist RCFTs whose characters satisfy (♯µ(19/5)) ([MMS2]).
Thus we are interested in studying W-algebras and 1
2
Z≥0-graded VOAs with connections of the
MLDEs.
In § 5–§ 8, we show that the characters of the Ramond-twisted modules over the W-algebra
W−h∨/6(g, fθ) at level −h∨/6 associated with a Lie algebra g in the Deligne exceptional series
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satisfy (♭s) with
(1.1) s =
6(7h∨ − 18)
5(h∨ + 6)
,
where h∨ is the dual Coxeter number of g. The W-algebras W = W−h∨/6(g, fθ) satisfy the
conditions (a)–(h) (Main Conditions) below:
Main Conditions:
(a) There is a complex number s such that the space of characters of Ramond-twisted W -modules
is contained in the space of solutions of (♭s) and such that any pair of indicial roots of (♭s) does
not have a non-zero integral difference.
(b) The vector spaces W (0) and W (1) have the forms
W (0) ∼= V ⊗ L(−3/5, 0), W (1) ∼= P ⊗ L(−3/5, 3/4)
with a simple, C2-cofinite, rational VOA V and simple current V -module P . Here L(−3/5, h) is
the Virasoro minimal model of central charge −3/5 and conformal weight h.
(c) The conformal weight of the simple current V -module P is non-negative.
(d) The conformal weight of each non-vacuum irreducible V -module is non-zero.
(e) LetM and N be irreducible V -modules with the same conformal weights. Then the characters
of M and N coincide.
(f) Let M and N be irreducible Ramond-twisted W -modules with the same conformal weights.
Then M and N have the same character.
(g) Let S and T be irreducible Ramond-twisted W -modules with the minimum conformal weight.
Let S ∼=⊕ni=1 Si be the irreducible decomposition of S as aW (0)-module. Then as aW (0)-module,
T decomposes into the direct sum T ∼=⊕ni=1 T i such that for each i = 1 . . . , n, either T i = Si or
T i = (Si)′ holds, where (Si)′ is the restricted dual of Si over W (0).
(h) Any irreducible V -module is a summand of either an untwisted or Ramond-twisted W -module
M as a V -module.
We show that the proper 1
2
Z≥0-graded VOAW satisfying (a)–(h) is theW-algebrasW−h∨/6(g, fθ)
associated with a Lie algebra g in the Deligne exceptional series (see Theorem 8.1). For the
moment, we cannot omit any of these 8 conditions. Although condition (a) provides information
on the characters of Ramond-twisted W -modules as (♯s) gives information on the characters of
RCFTs in [MMS1] and [MMS2], we note that determining a proper 1
2
Z≥0-graded VOAW by using
the characters of Ramond-twisted W -modules may not be easy. It is because the vacuum module
of W is not Ramond-twisted. Note also that characters of minimal W-algebras can be determined
by using the Kazhdan-Lusztig polynomials in principle ([A]), but it is not easy to compute the
general Kazhdan-Lusztig polynomials.
The paper is organized as follows. In § 2, we give a brief explanation of a proof of Theorem 8.1
by using Main Conditions (the proof is given in § 8). In § 3, candidates of s ∈ Q such that (♭s)
has a solution of CFT type are found by solving Diophantus equations. Fundamental systems
of the space of solutions of such (♭s)’s are given in Appendices B–C. In § 4, we explain how to
construct these solutions of (♭s). Moreover, we deduce some properties of the space of solutions
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of (♭s), which will be used in the proof of Theorem 8.1. In § 5 we briefly recall the notion for VOAs.
In § 6.1 we review affine VOAs and give a characterization of the affine VOAs associated with
the Deligne exceptional series in terms of (♯s). In § 6.2 we study the modules over an extension
of the minimal model L(−3/5, 0). In § 7 we show that the characters of the Ramond-twisted
modules over minimal W-algebras associated with the Deligne exceptional series satisfy (♭s) for
s given by (1.1). Theorem 8.1 is proved in § 8. In § 9 we give several comments on the relation
between the characters of VOAs and (♭s). In Appendix A, we introduce modular forms which are
necessary to represent explicit solutions of (♭s) which have solutions of CFT type as explained in
Appendices B–C. We divide such a set of s into two parts: (I) the number s such that (♭s) has
a solution of CFT type and each solution of CFT type is not quasimodular of positive depth and
(II) the number s such that (♭s) has a quasimodular solution of CFT type of positive depth. The
quasimodular forms (of positive depth) can be expressed in terms of homogenous polynomials that
have modular forms as coefficients with respect to E2 (cf. [KZ1]). The solutions of (♭s) of case (I)
are studied in Appendix B, and that of (♭s) of case (II) are studied in Appendix C. In Appendix D,
we define polynomials which are used to represent solutions of MLDEs in Appendices B–C.
2. Overview of the proof of a main result
In this section, we briefly explain how to prove Theorem 8.1 in § 8.
By condition (a), we have a restriction on the conformal weights of the Ramond-twisted irre-
ducible W -modules. Then by (b) and (h), we obtain restrictions on the conformal weights of the
irreducible V -modules. (The condition (h) is related with the orbifold theory (cf. [CM]).) By using
(a) and (c)–(g), we can study the V -modules and Ramond-twisted W -modules. (The condition
(c) is satisfied by all known simple C2-cofinite rational VOAs to the best of authors’ knowledge.)
Suppose that there are only two inequivalent irreducible V -modules up to isomorphisms. It then
follows that the space of characters of Ramond-twisted W -modules is two-dimensional. By using
the basis of MLDEs given in Appendix B, we see that s = 32/5 and the characters of V satisfies
(♯µ(7/2)). It then follows by Theorem 6.1 that V ∼= V1(E7), where Vk(g) is the affine VOA at level k
associated with a finite-dimensional simple Lie algebra g. Then we see that W ∼=W−5(E8, fθ) by
Lemma 7.1. Suppose that the number of the irreducible V -modules up to isomorphisms is more
than 2. Then we can construct the modules of the VOA R = V ⊗ V1(A1) ⊕ P ⊗ V1(A1;α/2),
and we see that the characters of the R-modules satisfy (♯µ(t)) with t ∈ Q. It then follows by
Theorem 6.1 that R ∼= V1(g) with a Lie algebra g in the Deligne exceptional series. Then we see
that W ∼=W−h∨/6(g, fθ) by Lemma 7.1. (See § 8 for the detail of the proof.)
3. Modular linear differential equations with solutions of CFT type
In this section we show that if (♭s) has a solution of CFT type, then s belongs to (3.12) on § 3.6.
3.1. Indicial equations. Before studying MLDEs with solutions of CFT type, we recall the
notion of indicial equations of MLDEs, which is used to classify such MLDEs.
Let f be a function of the form f(τ) = qα
∑∞
n=0 anq
n with α ∈ Q, a0 = 1 and an ∈ C for each
n ≥ 1. We call the number α the exponent of f . Let n be a non-negative integer, and suppose
that α + n 6= 0 for any n > 0. Let s be a complex number, and suppose that f is a solution
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of (♭s). By substituting the q-expansion of f(τ) into (♭s) and comparing the coefficients of q
α+n
in the both-sides, we obtain a relation
(α + n)4an +
n∑
i=0
(
−e2,i(n− i+ α)3an−i + (3ie2,i + α1(s)e4,i)(n− i+ α)2an−i
−
(
i2e2,i +
α1(s)
2
ie4,i − α2(s)e6,i
)
(n− i+ α)an−i + α3(s)e8,ian−i
)
= 0,(3.1)
where Ek(τ) =
∑∞
n=0 ek,nq
n is the Fourier expansion of the normalized Eisenstein series of weight
k.
By substituting n = 0 into (3.1), we see that α satisfies the relation (120α − 5s − 6)(24α −
s − 6)(24α + s− 18)(120α + 5s + 6) = 0, which is called the indicial equation of (♭s). The roots
α1 = −s/24 − 1/20, α2 = −s/24 + 3/4, α3 = s/24 + 1/4 and α4 = s/24 + 1/20 of the indicial
equation are called the indicial roots (indices) of (♭s). Since α ∈ Q and α coincides with one of
α1, . . . , α4, we have s ∈ Q. It is well known that if there is no integral differences among the indicial
roots, then for each indicial root α, there exists a solution of (♭s) of the form f(τ) = q
α(1+O(q)).
In the following, suppose that f is of CFT type, so that an ∈ Z≥0 for n ≥ 1. We call −24α
a formal central charge of (♭s). For each 1 ≤ i ≤ 4, we call αi − α a formal conformal weight
of (♭s).
3.2. The case α = −s/24− 1/20. It follows from (3.1) with n = 1 that (5s− 54)(25s2 + 5sa1 +
120s− 42a1 + 108
)
= 0. Assuming that s 6= 54/5, we have
(3.2) 25s2 + 5sa1 + 120s− 42a1 + 108 = 0.
By setting t = 5s, we see that (3.2) becomes
(3.3) t2 + ta1 + 24t− 42a1 + 108 = 0,
which is a monic quadratic in t with integral coefficients. Therefore, any rational solution t is
an integer. Since (t−42)(t+a1+66) = −2880 by (3.3) and both t−42 and t+a1+66 are integers,
we see that s is an element of the set{
− 2838
5
,−1398
5
,−918
5
,−678
5
,−534
5
,−438
5
,−318
5
,−278
5
,−246
5
,−198
5
,−30,−138
5
,−118
5
,
− 102
5
,−78
5
,−54
5
,−48
5
,−38
5
,−6,−22
5
,−18
5
,−6
5
,−3
5
,
2
5
,
6
5
, 2,
12
5
,
18
5
,
22
5
,
24
5
,
26
5
,
27
5
, 6,
32
5
,(3.4)
33
5
,
34
5
,
36
5
,
37
5
,
38
5
,
39
5
, 8,
41
5
}
.
For each value s in (3.4), we see that any formal conformal weight of (♭s) is not a positive integer
by evaluating the value αj − α1 (j = 2, 3, 4). Therefore, the Fourier expansion of the solution f is
determined by (3.1).
By substituting n = 2 into (3.1), we have
− 386208− 720360s− 255500s2 − 15750s3 + 3125s4 − 72792a1 − 22140sa1 − 26250s2a1
+ 1375s3a1 + 139536a2 − 12960sa2 + 300s2a2 = 0.
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Since a2 is a non-negative integer, (3.4) reduces to{
−438
5
,−318
5
,−198
5
,−30,−138
5
,−78
5
,−48
5
,−38
5
,−18
5
,−6
5
,−3
5
,
2
5
,
6
5
,
12
5
,
18
5
,
22
5
,
27
5
, 6,
32
5
,
39
5
}
.
The similar discussions above for n = 3 and 4 show that this set reduces to
(3.5)
{
−318
5
,−198
5
,−138
5
,−78
5
,−48
5
,−38
5
,−18
5
,−6
5
,−3
5
,
2
5
,
6
5
,
12
5
,
18
5
,
22
5
,
27
5
, 6,
32
5
}
.
Hence, if f is a solution of (♭s) of CFT type, then s is either 54/5 or a value in (3.5).
3.3. The case α = −s/24 + 3/4. In this case, we have (s − 18)(75s2 + 15sa1 + 100s− 306a1 +
348
)
= 0 by substituting n = 1 into (3.1). Assuming s 6= 18 and setting t = 15s, we have
t2+3ta1+20t−918a1+1044 = 0, which is a monic quadratic equation in t with integral coefficients.
Therefore any rational solution t is an integer. Since (t− 306)(t+ 3a1 + 326) = 100800, it follows
that s is an element of the set{
− 16698
5
,−6618
5
,−4098
5
,−2298
5
,−5294
15
,−1578
5
,−948
5
,−858
5
,−1934
15
,−114,−498
5
,−1094
15
,
− 318
5
,−494
15
,−138
5
,−254
15
,−66
5
,−48
5
,−44
15
,−14
15
,−3
5
,
6
5
,
82
15
,
106
15
,
42
5
,
166
15
, 12,
226
15
,
78
5
,
50
3
,
256
15
,
87
5
,
271
15
,
274
15
,
286
15
,
96
5
,
292
15
,
298
15
,
301
15
,
304
15
}
.
(3.6)
For each value s in the above set, we see that any formal conformal weight of (♭s) is not a positive
integer by evaluating the value αj−α2 (j = 1, 3, 4). Therefore, the Fourier expansion of the solution
f is determined by (3.1).
By substituting n = 2 into (3.1), we have
625s4 − 1350s3 + 475a1s3 − 155340s2 − 13650a1s2 + 140a2s2 − 385128s− 1836a1s
− 8736a2s− 474336 + 161352a1 + 136080a2 = 0.
For an s in (3.10), the following one gives non-negative integer a2{
−498
5
,−318
5
,−138
5
,−3
5
,
6
5
,
42
5
,
87
5
,
96
5
}
.
Similarly, by considering n = 3, 4, . . . , 32, the set reduces to
(3.7)
{
−3
5
,
6
5
,
42
5
}
.
Hence, if f is a solution of (♭s) of CFT type, then s is either 18 or a value in (3.7).
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3.4. The case α = s/24+ 1/4. It follows from (3.1) with n = 1 that (s+6)
(
25s2−5sa1+130s−
78a1+144
)
= 0. Assuming s 6= −6 and setting t = 5s, we see that t2− ta1+26t− 78a1+144 = 0,
which is a monic quadratic equation in t with integral coefficients. It then follows that any rational
solution t is an integer. Since (t + 78)(t− a1 − 52) = 4200, we see that s belongs to the set{
− 77
5
,−76
5
,−15,−74
5
,−73
5
,−72
5
,−71
5
,−14,−68
5
,−66
5
,−64
5
,−63
5
,−58
5
,−57
5
,−54
5
,−53
5
,
− 10,−48
5
,−43
5
,−38
5
,−36
5
,−28
5
,−22
5
,−18
5
,−8
5
,−3
5
,
6
5
,
22
5
,
27
5
,
42
5
,
62
5
,
72
5
, 18,
97
5
,
122
5
,
132
5
,
202
5
,
222
5
,
272
5
,
342
5
,
447
5
,
522
5
,
622
5
,
762
5
,
972
5
,
1322
5
,
2022
5
,
4122
5
}
.
(3.8)
For each value s in the above set, we see that any formal conformal weight of (♭s) is not a positive
integer by evaluating the value αj−α3 (j = 1, 2, 4). Therefore, the Fourier expansion of the solution
f is uniquely determined by (3.1).
By substituting n = 2 into (3.1), we have
− 245592− 295812s− 124830s2 − 9975s3 + 625s4 + 15120a1 + 9216sa1 − 6180s2a1
− 400s3a1 + 54648a2 + 5016sa2 + 110s2a2 = 0.
For s in (3.8), the following one gives non-negative integer a2:{
− 15,−73
5
,−68
5
,−66
5
,−63
5
,−58
5
,−54
5
,−48
5
,−38
5
,−18
5
,−8
5
,−3
5
,
6
5
,
22
5
,
42
5
,
62
5
,
72
5
,
122
5
,
132
5
,
222
5
,
342
5
,
447
5
,
762
5
,
2022
5
}
.
Similarly, by considering n = 3, 4, . . . , 23, the set reduces to
(3.9)
{
−66
5
,−18
5
,−8
5
,−3
5
,
6
5
}
.
Hence, if f is a solution of (♭s) of CFT type, then s is either −6 or a value in (3.9).
3.5. The case α = s/24+ 1/20. By substituting n = 1 into (3.1), we have (5s+66)
(
25s2−5sa1+
45s−18a1+18
)
= 0. Assuming s 6= −66/5 and setting t = 5s, we see that t2−ta1+9t−18a1+18 = 0,
which is a monic quadratic equation in t with integral coefficients. Therefore the number t is
an integer. Since (t + 18)(t− a1 − 9) = 180, we see that
s =− 17
5
,−16
5
,−3,−14
5
,−13
5
,−12
5
,−9
5
,−8
5
,−6
5
,−3
5
, 0,
2
5
,
12
5
,
18
5
,
27
5
,
42
5
,
72
5
,
162
5
.(3.10)
For each s in (3.10), we see that any formal conformal weight of (♭s) is not a positive integer
by evaluating the value αj − α4 (j = 1, 2, 3). Therefore, the Fourier expansion of the solution f is
uniquely determined by (3.1).
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By substituting n = 2 into (3.1), we have
− 661608− 1138860s− 551250s2 − 47625s3 + 3125s4 − 41472a1 + 11160sa1 − 24000s2a1
− 1750s3a1 + 176904a2 + 18360sa2 + 450s2a2 = 0.
Then among the values of s in (3.10), the following give non-negative integer a2:
s = −3,−8
5
,−6
5
,−3
5
,
2
5
,
12
5
,
42
5
.
Similarly, by considering n = 3, we see that s is one of the following:
(3.11) s = −8
5
,−6
5
,−3
5
,
2
5
,
12
5
,
42
5
.
Hence, if f is a solution of (♭s) of CFT type, then s is either −66/5 or a value in (3.11).
3.6. A necessary condition of s such that (♭s) has a solution of CFT type. Let s be a com-
plex number and suppose that (♭s) has a solution of CFT type. By combining (3.5), (3.7), (3.9), (3.11)
and s = 54/5, 18,−6,−66/5, we see that s is one of the following 23 numbers:
− 318
5
,−198
5
,−138
5
,−78
5
,−48
5
,−38
5
,−18
5
,−6
5
,−3
5
,
2
5
,
6
5
,
12
5
,
18
5
,
22
5
,
27
5
, 6,
32
5
,
54
5
,(3.12)
42
5
, 18,−66
5
,−6,−8
5
.
4. Solutions of modular linear differential equations
Let s be a number in (3.12). In Appendices B–C, we give solutions of the MLDE (♭s) of
(quasi)modular forms. In this section, we explain our method to construct such solutions of (♭s).
We first find a certain rational number k and a positive integer N , and construct solutions f of
a MLDE (♭ks) defined below, assuming that the MLDE (♭
k
s) has solutions of (quasi)modular forms
of weight k and level N . It then follows that the function g = η−2kf is a solution of (♭s). Thus,
we find solutions of (♭s) of quasimodular forms.
Moreover, we give some properties of the space of solutions of (♭s) which is used in § 8.
4.1. Construction of solutions. In this subsection, we explain our method to construct solutions
of MLDEs listed in Appendices B–C.
First, we introduce a MLDE (♭ks). Let k and s be complex numbers. The differential equation
(♭ks) ϑ
4
k(f) +
(
α1(s)− 11
36
)
E4ϑ
2
k(f) +
36α1(s) + 216α2(s)− 5
216
E6ϑk(f) + α3(s)E8f = 0
is a MLDE of order 4 with weight k, where ϑk(f) = D(f) − k(E2/12)f is the Serre derivation
and ϑik is the iterated Serre derivation defined by ϑ
i
k(f) = ϑk+2i−2 ◦ ϑi−1k+2i−4(f) for i ≥ 1 and
ϑ0∗(f) = f . By setting k = 0 and using relations 24η
′ = E2η, 12E ′2 = E
2
2 − E4, 3E ′4 = E2E4 − E6
and 2E ′6 = E2E6 − E24 (and E24 = E8), we see that the equation (♭0s) is equal to the MLDE (♭s).
Because ϑk(η
2ℓ · f) = η2ℓϑk−ℓ(f), f is a solution of (♭s) if and only if η2k · f is a solution of (♭ks).
Now we explain how to construct solutions of (♭s) of (quasi)modular forms. Let s be a number
in (3.12) and α1, . . . , α4 the indicial roots of (♭s) introduced in § 3.1, which are rational numbers.
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Set k = −12min{α1, . . . , α4}. Let N be the least common multiple of the denominators of the
numbers α1 − k/12, . . . , α4 − k/12. Let F be a solution of (♭ks) and suppose that F is a modular
form of weight k and level N . The modular forms of level N and weight k are homogeneous
polynomials in specific modular forms of level N given in Table 2 in Appendix A. Therefore, by
calculating sufficiently many Fourier coefficients of F , we can determine F as a polynomial in the
modular forms. In order to show that F does satisfy the MLDE (♭ks), we just substitute F to
the left-hand side of (♭ks) and show that it is zero by using differential relations and functional
equations of modular forms given in Appendix A. We can also use a similar method to construct
solutions of (♭ks) of quasimodular forms.
We here perform this method for a typical case s = 6/5. Since the set of indicial roots of
(♭6/5) is given by S = {−1/10, 1/10, 3/10, 7/10}, we have k = 6/5 and N = 5. Let α be any
indicial root of (♭6/5). Let Fα be a solution of (♭
6/5
6/5) of the form Fα(τ) = q
α+6/5(1 + O(q)). We
suppose that Fα is a modular form of weight 6/5 and level 5. It then follows that Fα has the form
Fα =
∑6
n=0 βnψ
n
1ψ
6−n
2 with β0, . . . , β6 ∈ C, where ψ1 and ψ2 are modular forms of weight 1/5 and
level 5 given in Table 2 in Appendix A:
ψ1(τ) = η(τ)
2/5q−1/60
∏
n>0
n 6≡0,±2 mod 5
1
1− qn , ψ2(τ) = η(τ)
2/5q11/60
∏
n>0
n 6≡0,±1 mod 5
1
1− qn
(Rogers-Ramanujan functions). Since Fα/η
12/5 is a solution of (♭6/5) of exponent α, we can compute
any Fourier coefficient of Fα by using (3.1). Therefore we can determine β0, . . . , β6 (by computing
finite number of Fourier coefficients of Fα.) In this way, we see that
F−1/10 = ψ1(ψ
5
1 + 2ψ
5
2), F1/10 = ψ2(2ψ
5
1 − ψ52)/2,
F3/10 = ψ
4
1ψ
2
2 , F7/10 = ψ
2
1ψ
4
2.(4.1)
Thus we find an explicit description of {Fα|α ∈ S} under the assumption that Fα is a modular form
of weight 6/5 and level 5 for any α ∈ S. By using the differential relations of ψ1 and ψ2 written in
Appendix A (d), we can show that the right-hand sides of (4.1) do satisfy the MLDE (♭
6/5
6/5). Since
{fα+1/10 := Fα/η12/5|α ∈ S} is a fundamental system of solutions of (♭6/5), we have an explicit
description of solutions of (♭6/5) in terms of ψ1 and ψ2, as written in Appendix B (f).
In a similar way, we can construct solutions of (♭s) listed in Appendices B–C. By using the list
of solutions, we have the following theorem.
Theorem 4.1. Let s be a complex number and suppose that (♭s) has a solution f of CFT type.
Suppose that f is not a quasimodular form of positive depth. Then s is one of the following 17
numbers:
(4.2) − 48
5
,−38
5
,−6
5
,−3
5
,
2
5
,
6
5
,
12
5
,
18
5
,
22
5
,
27
5
, 6,
32
5
,
54
5
, 18,−66
5
,−6,−8
5
.
4.2. Modular invariant subspaces. In this subsection we find some properties of the space of
solutions of (♭s) which is used in § 8.
A function f on H is called of character type if f has the form f(τ) = qβ
∑∞
n=0 anq
n with β ∈ Q,
an ∈ Z≥0 (n ∈ Z≥0) and a0 ≥ 1.
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Proposition 4.1. Let s be one of the numbers −3/5, 2/5, 6/5, 12/5, 18/5, 22/5, 27/5, 6 and 32/5.
Let f and g be linearly-independent solutions of (♭s) with exponents α and β ∈ Q. Suppose that
β−α = 4/5, f is of CFT type, g is of character type, and the space spanned by f and g is modular
invariant. Then s = 32/5.
Proof. We show the assertion by contradiction in case by case bases. Suppose that s = −3/5.
Then the set of indices of (♭−3/5) is {31/40, 9/40, 1/40,−1/40}. Since β − α = 4/5, we have
α = −1/40 and β = 31/40. Therefore, f = f0 and g = c · f4/5 with c ∈ C×, where the solutions fh
with formal conformal weights h of (♭−3/5) are defined in Appendix B (d). By using the expression
of f0 in Appendix B (d), we can show that f0(−1/τ) =
√
2/5
(
sin(2π/5)f0(τ) + sin(π/5)f4/5(τ) +
sin(π/5)f1/20(τ) + sin(2π/5)f1/4(τ)
)
. Therefore, the space spanned by f0 and f4/5 is not closed
under SL2(Z), which contradicts the assumption. We can reduce the other cases outside s = 32/5
to contradiction in a similar way. Thus we have s = 32/5. 
The modular Wronskian W (F ) of a vector-valued modular function F = t(f1, . . . , fn) (n ≥ 1)
is defined by
W (F ) = det(F, ϑ0(F ), ϑ
2
0(F ), . . . , ϑ
n−1
0 (F )).
Proposition 4.2. If either s = −48/5 or −38/5, then there is no modular invariant subspace U
of the space of solutions of (♭s) such that U is spanned by functions of character type and such
that a function of CFT type belongs to U .
Proof. We here only show the case of s = −48/5. The case of s = −38/5 is similarly proved. Since
f0, f4/5, f−1/2 and f−7/10 defined in (a) in Appendix B form a fundamental system of solutions
of (♭−48/5), it follows that
f0(−1/τ) = c1f0(τ) + c2f4/5(τ) + c3f−1/2(τ) + c4f−7/10(τ) (ci ∈ C).
As any scalar multiple of f−7/10 is not of character type, it suffices to show c4 6= 0. Suppose that
c4 = 0. Since η
42/5f0 is not a modular form (with a multiplier system) on SL2(Z), one of c2 and
c3 is non-zero. Therefore, one of
F1 :=
 f0f4/5
f−1/2
 , F2 := ( f0f−1/2
)
, F3 :=
(
f0
f4/5
)
is a vector-valued modular function on SL2(Z). Let λi be the sum of exponents of all components
of the vector Fi. Since the exponents of f0, f4/5 and f−1/2 are 7/20, 23/20 and −3/20, respectively,
it follows that λ1 = 27/20, λ2 = 1/5 and λ3 = 3/2. Suppose that Fi is a vector-valued modular
function on SL2(Z). It then follows from [Ma, Theorem 3.7] thatW (Fi)/η
24λi is a non-zero classical
modular form on SL2(Z) of weight w = 6−12λi. Then we see that w is negative, it contradicts to
the fact that there does not exist a non-zero classical modular form on SL2(Z) of negative weight.
Hence, we have c4 6= 0, as desired. 
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5. Vertex operator algebras
In this section we recall some properties for 1
2
Z≥0-graded VOAs.
Let W =
⊕
n∈ 1
2
Z≥0
Wn be a simple
1
2
Z≥0-graded conical VOA with central charge c ∈ C. Set
W (0) =
⊕
n∈ZWn and W
(1) =
⊕
n∈1/2+ZWn. Then there exists an automorphism σ of W defined
by σ(a) = a and σ(v) = −v for each a ∈ W (0) and v ∈ W (1). If W (1) 6= 0, then the order of σ is
2, otherwise σ = idW . We set G = 〈σ〉. The VOA W is called Z2-rational if W is rational and
σ-rational. The W -module W is called the vacuum module.
Suppose that W is C2-cofinite and Z2-rational. The σ-twisted W -modules are called the
Ramond-twisted modules. It then follows that any Ramond-twisted irreducible W -module M has
the formM =
⊕∞
n=0Mn+h, where h ∈ C andMn+h = {v ∈M |L0v = (n+h)v} such thatMh 6= 0.
The number h is called the conformal weight of M . If W (1) = 0, then W is a Z≥0-graded VOA,
and then the Ramond-twisted W -modules coincide with the untwisted W -modules. The space
spanned by the characters of the Ramond-twisted modules is SL2(Z)-invariant (see [Va, Theorem
1.3]).
LetM be a Ramond-twisted irreducible W -module with a conformal weight h. The character of
M is defined by χM(τ) = q
h−c/24∑∞
n=0 dimMn+h q
n. The exponent of χM is also called an exponent
of M . Suppose that the conformal weight of any Ramond-twisted irreducible W -module is a ra-
tional number. The minimum number hmin among the conformal weights of all Ramond-twisted
irreducible W -modules is called the minimum conformal weight of W . The number c˜ = c− 24hmin
is called the effective central charge of 1
2
Z≥0-graded VOA W ([DM1]). For a proof of the following
lemma, refer to [K2].
Lemma 5.1. Let W be a vertex operator superalgebra, V a vertex operator subalgebra of W and
suppose that W = V ⊕ P with a simple current V -module P . Let w be an element of P and a
an integer such that zaY (w, z)w ∈ W [[z]] and zaY (w, z)w|z=0 6= 0. If a ∈ 2Z, then W is a vertex
operator algebra.
6. Affine vertex operator algebras and Virasoro minimal models
In this section we recall the notion of affine VOAs and give a characterization of the Deligne
exceptional series by using the MLDEs (♯s). Moreover, we study extensions of the Virasoro minimal
model L(−3/5, 0), which will be used to study W-algebras.
6.1. Affine vertex operator algebras and second order modular linear differential equa-
tions. Let g be a finite-dimensional simple Lie algebra and ĝ the affine Kac-Moody Lie alge-
bra associated with g. The simple affine VOA at level k ∈ C associated with g is denoted by
Vk(g). Let λ be a weight of g. If the simple ĝ-module L(λ + kΛ0) is a Vk(g)-module, we write
Vk(g;λ) = L(λ+kΛ0). Recall the MLDEs of second order (♯s) and the number µ(t) = t(t+2)/144
defined in Introduction.
Let V be a C2-cofinite, rational VOA of CFT type with the central charge c ∈ C such that the
characters of the modules over V satisfy (♯s) and that the conformal weights of the irreducible V -
modules are positive. In [MMS1], it is shown that the character of V coincides with the character
of V1(g) with a Lie algebra g in the Deligne exceptional series and s = µ(c/2). Moreover, the
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unitary RCFTs whose characters satisfy (♯s) are classified in [MMS2]: they are the WZW models
at level 1 associated to the Deligne exceptional series. We here prove a vertex operator algebraic
analogue of this result.
Theorem 6.1. Let V =
⊕∞
n=0 Vn be a self-dual vertex operator algebra with the central charge
c ∈ C. Suppose that V satisfies the following 3 conditions : (M1) V is simple, C2-cofinite, rational
and of CFT type, (M2) the characters of the modules over V satisfy modular linear differential
equation (♯s) of order 2 and weight 0 for some s ∈ C, (M3) dim V1 ≥ 3. Then V is isomorphic
to the simple affine vertex operator algebra at level 1 associated with a Lie algebra in the Deligne
exceptional series and s = µ(c/2).
As we shall see in Remark 6.1 below, we can replace the condition (M3) in the theorem with the
condition (M4): the conformal weights of all irreducible modules over V are non-negative. Note
that the conformal weights of the non-vacuum irreducible modules over the chiral algebra (VOA)
of a unitary RCFT are positive. In order to prove the theorem, we first show a lemma.
Lemma 6.1. Let L(f) = 0 be a modular linear differential equation of order n ≤ 4 and weight 0.
Let α1, . . . , αn be all indices of L(f) = 0 and suppose that αi ∈ Q and αi < αj for 1 ≤ i 6= j ≤ n.
Let f1, . . . , fn be holomorphic functions on H such that fi has the form fi(τ) = q
αi(1 + O(q)) for
1 ≤ i ≤ n, and that F = t(f1, . . . , fn) forms a vector-valued modular form of weight 0. Then
(f1, . . . , fn) is a fundamental system of solutions of L(f) = 0.
Proof. Since F forms a vector-valued modular form of weight 0, we have a non-zero classical
modular form G of weight n2−n−12∑ni=1 αi such thatW (F ) = G·η24∑ni=1 αi ([Ma, Theorem 3.7]) .
By evaluating the coefficient of E2D
n−1(f) in L(f) = 0, which is equal to −n(n − 1)/12, we find
that n(n−1)/12 is equal to the sum of all exponents. Thus we find n2−n−12∑ni=1 αi = 0 so that
G is a non-zero constant. Therefore (f1, . . . , fn) is a fundamental system of solutions of L(f) = 0
by [Ma, Theorem 4.3] . 
Recall that the indices of (♯µ(t)) are given by −t/12 and (t + 2)/12 ([KNS]). We now prove
Theorem 6.1.
Proof of Theorem 6.1. Put d = dim V1 and let c˜ be the effective central charge of V . By using (M1)
and (M2), we see that (c˜, d) = (2/5, 0), (2/5, 1), (1, 1), (1, 3), (2, 3), (2, 8), (14/5, 14), (4, 28), (4, 8),
(26/5, 52), (6, 78), (6, 14), (7, 133), (38/5, 190) or (8, 248), and s = µ(c˜/2) ([MMS1] and [KNS]).
The assumption (M3) forces (c˜, d) 6= (2/5, 0), (2/5, 1) and (1, 1). Since V1 is a reductive Lie algebra
and rankV1 ≤ c˜ by [DM1, Theorem 1.1 and Theorem 1.2], we see that V1 is one of the Lie algebras
listed in Table 1.
Table 1. Possibility of g.
(c˜, d) (2, 8) (14/5, 14) (4, 8)
d 3 28 52 78 133 248
V1 A1 A2 G2 G
2
2, D4 A2, A
2
1 × C2 F4 B6, C6, E6 E7 E8
It follows from [DM2, Theorem 1.1] that the tensor product affine VOA U =
⊗n
i=1 Vki(gi) with
k1, . . . , kn ∈ Z>0 is embedded in V , where n ∈ Z>0 and g1, . . . , gn are simple ideals of g such that
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g decomposes into the sum g = a⊕⊕ni=1 g with an abelian Lie algebra a. By comparing dim V2
with dim U2, we see that n = 1, k1 = 1 and g is a Lie algebra in the Deligne exceptional series.
(The dimension of V2 can be computed by using the MLDE (♯µ(c˜/2)). We here only give a proof of
the case d = 28. The other cases are proved in a similar way.
Since χV (τ) is a solution of CFT type of (♯µ(2)) and dim V1 = 28, it follows that χV (τ) =
qα(1+28q+134q2+O(q3)) with α ∈ Q, and hence we have dim V2 = 134. Suppose that V1 ∼= G22.
It then follows that U ∼= Vk1(G2) ⊗ Vk2(G2) with k1, k2 ∈ Z>0. We see that dim U2 = 280 if
k1 = k2 = 1, dim U2 = 434 if k1 6= 1 and k2 6= 1 and dim U2 = 357 otherwise, which contradicts
dim V2 = 134. Hence, V1 ∼= D4. It then follows that U ∼= Vk(D4) with k ∈ Z>0. Then we
have k = 1 since dim U2 = 434 otherwise. Hence V1(D4) is embedded in V . Since the space
of the characters of V1(D4)-modules is 2-dimensional and the exponents of V1(D4)-modules are
−1/6 and 1/3, it follows that the characters of V1(D4) satisfy (♯µ(2)) by Lemma 6.1. Therefore,
as V1(D4) ⊂ V , we have V ∼= V1(D4), and since the central charge of V1(D4) is 4, we see that
s = µ(c/2). 
Remark 6.1. (i) In [MMS1] and [MMS2], it is also proved that a RCFT whose characters sat-
isfy (♯µ(1/5)) coincides with the Virasoro minimal model of central charge −22/5.
(ii) In Theorem 6.1, we can replace condition (M3) with (M4). (The condition (M4) is stated just
after Theorem 6.1.) It is because in the proof of Theorem 6.1, we use (M3) in order to exclude the
cases (c˜, d) = (2/5, 0), (2/5, 1) and (1, 1). However, (M4) also excludes the cases of (c˜, d) = (2/5, 0)
and (1, 1). Since c˜ ≥ rank(V1), we also have (c˜, d) 6= (2/5, 1). Hence Theorem 6.1 holds even if we
replace (M3) with (M4).
6.2. Extensions of a Virasoro minimal model. We denote by L(−3/5, 0) the Virasoro minimal
model of central charge −3/5. In this subsection we study extensions of L(−3/5, 0), which will be
used to study W-algebras in the subsequent sections § 7 and § 8.
All irreducible L(−3/5, 0)-modules up to the isomorphisms are given by L(−3/5, 0), L(−3/5,−1/20),
L(−3/5, 3/4) and L(−3/5, 1/5). The module L(−3/5, 3/4) is a simple current with the fu-
sion products L(−3/5, 3/4)⊠ L(−3/5, 3/4) = L(−3/5, 0) and L(−3/5, 3/4)⊠ L(−3/5,−1/20) =
L(−3/5, 1/5).
Let W be a 1
2
Z≥0-graded VOA of the form W (0) = V ⊗ L(−3/5, 0) and W (1) = P ⊗ L(−3/5, 0)
with a simple, rational, C2-cofinite VOA V and a simple current V -module P . It then follows that
P ⊠ P = V . Let M be an irreducible V -module and h an element of {0,−1/20, 3/4, 1/5}.
Definition 6.1. Define the V ⊗ L(−3/5, 0)-modules L(M ; h) by
L(M ; h) =M ⊗ L(−3/5, h)⊕ (M ⊠ P )⊗ (L(−3/5, h)⊠ L(−3/5, 3/4)).
Lemma 6.2. Suppose that hM⊠P − hM ∈ 3/4 + Z (resp., 1/4 + Z). Then the following hold.
(1) L(M ;−1/20) and L(M ; 3/4) are irreducible Ramond-twisted W -modules (resp., untwisted W -
modules). (2) L(M ⊠ P ;−1/20) and L(M ⊠ P ; 3/4) are irreducible untwisted W -modules (resp.,
Ramond-twisted W -modules).
Proof. (1) Suppose hM⊠P −hM ∈ 3/4+Z. We show that L(M ;−1/20) is an irreducible Ramond-
twistedW -module. The other statements can be proved in a similar way. We have L(M ;−1/20) =
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M ⊗ L(−3/5,−1/20)⊕ (M ⊠ P )⊗ L(−3/5, 1/5). The conformal weight of the first summand is
hM−1/20, and that of the second summand is hM⊠P+1/5 ∈ hM+19/20+Z. Hence, the conformal
weights of L(M ;−1/20) lie in hM − 1/20 + Z. Therefore, L(M ;−1/20) is Ramond-twisted. The
irreducibility follows from the the construction of L(M ; h).
(2) Since (M ⊠ P ) ⊠ P ∼= M by the associativity of the fusion products and P ⊠ P ∼= V , the
statement follows from (1). 
7. Identification and W-algebras
In this section we show the following theorem.
Theorem 7.1. If g is a Lie algebra in the Deligne exceptional series, then the characters of the
Ramond-twisted modules over the W-algebra W−h∨/6(g, fθ) satisfy (♭s), where s is given by (1.1).
We first introduce some notations and show a lemma, which is needed to give a proof of Theo-
rem 7.1.
Let g be a Lie algebra in the Deligne exceptional series and W (g) = W−h∨/6(g, fθ) the simple
W-algebra at level k = −h∨/6 associated with g and a minimal nilpotent element fθ of g. If
g = A1, then it is well known that W (A1) ∼= L(−3/5, 0) (see e.g. [KRW]). Therefore, we see that
the characters of W (A1) satisfy (♭−3/5).
We now suppose that g 6= A1. Then W (g) is a proper 12Z≥0-graded conical VOA. Define a VOA
Ug and simple current V -module Pg by the formula V1(g) ∼= Ug ⊗ V1(A1(θ))⊕Pg ⊗ V1(A1(θ); θ/2),
where θ is the highest root of g and A1(θ) is the simple Lie algebra of type A1 generated by the
highest and lowest root vectors of g.
Lemma 7.1. [K2] The vertex operator algebra W (g) is C2-cofinite and Z2-rational. Moreover,
W (g) is isomorphic to the simple current extension of Ug ⊗ L(−3/5, 0) by Pg ⊗ L(−3/5, 3/4).
We denote by Mod and Modtw the sets of the equivalence classes of the irreducible untwisted and
Ramond-twisted modules over W (g), respectively. Let S be the space of characters of Ramond-
twisted W (g)-modules and T the space of characters of Ug-modules.
Proof of Theorem 7.1. For g = A2, G2, D4, F4, E6, E7 and E8, the numbers s in (1.1) are s =
2/5, 6/5, 12/5, 18/5, 22/5, 27/5 and 32/5, respectively. We show the assertion in a case by case
basis.
1. g = A2. Since UA2 = V
√
3A1
and PA2 = V
√
3A1+
√
3α/2, the complete set of the irreducible
modules over V√3A1 up to isomorphisms is given by Nk := V
√
3A1+k
√
3α/6 with k ∈ Z6. The con-
formal weights of Ni (0 ≤ i ≤ 5) are 0, 1/12, 1/3, 3/4, 1/3 and 1/12, respectively. The space T
has a basis (χNi)0≤i≤3. Since PA2⊠Nk = Nk+3 for each k ∈ Z6, it follows by Lemma 6.2 that Mod =
{L(Nk;−1/20), L(Nk; 3/4) | k ∈ Z6, k is odd} and Modtw = {L(Nk;−1/20), L(Nk; 3/4) | k ∈ Z6, k is even}.
The space S has a basis χL(N0;−1/20), χL(N4;3/4), χL(N2;−1/20), χL(N0;3/4) with the conformal weights
−1/20, 1/12, 17/60, 3/4, respectively. Since the central charge of W (A2) is 2/5, the exponents of
this basis of S are −1/15, 1/15, 4/15, 11/15. As they correspond to the indices of MLDE (♭2/5),
we see that each element of S satisfies (♭2/5) by Lemma 6.1.
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2. g = G2. Since UG2 = V3(A1) and PG2 = V3(A1; 3α/2), the complete set of the irreducible
modules over V3(A1) up to the isomorphisms is given by Nk := V3(A1; kα/2) with k ∈ Z4. The
conformal weights of Ni (0 ≤ i ≤ 3) are 0, 3/20, 2/5 and 3/4. Since PG2 ⊠ Nk = N3−k for
each k ∈ Z4, it follows that Mod = {L(Nk;−1/20), L(Nk; 3/4) | k ∈ Z4, k is odd} and Modtw =
{L(Nk;−1/20), L(Nk; 3/4) | k ∈ Z4, k is even}. The space S has a basis χL(N0;−1/20), χL(N2;3/4),
χL(N2;−1/20), χL(N0;3/4) with the conformal weights −1/20, 3/20, 7/20, 3/4, respectively. Since the
central charge of W (G2) is 6/5, the exponents of the basis of S are −1/10, 1/10, 3/10, 7/10, which
shows that each element of S satisfies (♭6/5) by Lemma 6.1.
3. g = D4. Since UD4 = V1(A1)
⊗3 and PD4 = V1(A1;α/2)
⊗3, the complete set of the irre-
ducible modules over V1(A1)
⊗3 up to the isomorphisms is given by Nk1,k2,k3 := V1(A1; k1α/2) ⊗
V1(A1; k2α/2)⊗ V1(A1; k3α/2) with k1, k2, k3 ∈ Z2. The conformal weight of Nk1,k2,k3 is (k21 + k22 +
k23)/4. The space T has a basis χN0,0,0 , χN1,0,0 , χN1,1,0 , χN1,1,1 . Since PD4 ⊠Nk1,k2,k3 = N1−k1,1−k2,1−k3
for each k1, k2, k3 ∈ Z2, it follows that Mod = {L(Nk1,k2,k3;−1/20), L(Nk1,k2,k3; 3/4), | k1, k2, k3 ∈
Z2, k1 + k2 + k3 is odd} and Modtw = {L(Nk1,k2,k3;−1/20), L(Nk1,k2,k3; 3/4), | k1, k2, k3 ∈ Z2, k1 +
k2 + k3 is even}. The space S has a basis χL(N0,0,0;−1/20), χL(N0,1,1;3/4), χL(N1,1,0;−1/20), χL(N0,0,0;3/4)
with the conformal weights −1/20, 1/4, 9/20, 3/4, respectively. Since the central charge of W (D4)
is 12/5, the exponents of the basis of S are−3/20, 3/20, 7/20, 13/20, which shows that each element
of S satisfies (♭12/5) by Lemma 6.1.
4. g = F4. Since UF4 = V1(C3) and PF4 = V1(C3;̟3), the complete set of the irreducible
modules over V1(C3) is given by Nk := V1(C3;̟k) with k ∈ Z4, where ̟0 = 0. The conformal
weights of Nk (0 ≤ k ≤ 3) are 0, 7/20, 3/5 and 3/4, respectively. Since PF4 ⊠ Nk = N3−k for
each k ∈ Z4, it follows that Mod = {L(Nk;−1/20), L(Nk; 3/4) | k ∈ Z4, k is odd} and Modtw =
{L(Nk;−1/20), L(Nk; 3/4) | k ∈ Z4, k is even}. The space S has a basis χL(N0;−1/20), χL(N2;3/4),
χL(N2;−1/20), χL(N0;3/4) with the conformal weights −1/20, 7/20, 11/20, 3/4, respectively. Since the
central charge of W (F4) is 18/5, the exponents of the basis of S are −1/5, 1/5, 2/5, 3/5, which
shows that each element of S satisfies (♭18/5) by Lemma 6.1.
5. g = E6. Since UE6 = V1(A5)
∼= VA5 and PE6 = V1(A5;̟3) ∼= VA5+3̟1, the complete set of the
irreducible modules over VA5 is given by Nk := VA5+k̟1 with 0 ≤ k ≤ 5. The conformal weights of
Ni (0 ≤ i ≤ 5) are 0, 5/12, 2/3, 3/4, 2/3 and 5/12, respectively. The space T has a basis (χNi)0≤i≤3.
Since PE6 ⊠ Nk = Nk+3 for each k ∈ Z6, it follows that Mod = {L(Nk;−1/20), L(Nk; 3/4) | k ∈
Z6, k is odd} and Modtw = {L(Nk;−1/20), L(Nk; 3/4) | k ∈ Z6, k is even}. The space S has a basis
χL(N0;−1/20), χL(N4;3/4), χL(N2;−1/20), χL(N0;3/4) with the conformal weights −1/20, 5/12, 37/60, 3/4,
respectively. Since the central charge of W (E6) is 22/5, the exponents of the basis of S are
−7/30, 7/30, 13/30, 17/30, which shows that each element of S satisfies (♭22/5) by Lemma 6.1.
6. g = E7. Since UE7 = V1(D6)
∼= VD6 and PE7 = V1(D6;̟6) ∼= VD6+̟6, the complete
set of the irreducible modules over VD6 up to the isomorphisms is given by N0 := VD6, N1 :=
VD6+k̟1, N2 := VD6+̟5 and N3 := VD6+̟6. The conformal weights of Nk (0 ≤ k ≤ 3) are
0, 1/2, 3/4 and 3/4, respectively. The space T has a basis (χNk)0≤k≤2. Since PE7 ⊠Nk = N3−k for
each k ∈ Z4, it follows that Mod = {L(Nk;−1/20), L(Nk; 3/4) | k ∈ Z4, k is odd} and Modtw =
{L(Nk;−1/20), L(Nk; 3/4) | k ∈ Z4, k is even}. The space S has a basis χL(N0;−1/20), χL(N2;3/4),
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χL(N2;−1/20), χL(N0;3/4) with the conformal weights (−1/20, 1/2, 7/10, 3/4), respectively. Since the
central charge of W (E7) is 27/5, the exponents of the basis of S are −11/40, 11/40, 19/40, 21/40,
which shows that each element of S satisfies (♭27/5) by Lemma 6.1.
7. g = E8. Since UE8 = V1(E7)
∼= VE7 and PE8 = V1(E7;̟7) ∼= VE7+̟7 , the complete set of the
irreducible modules over VE7 is Nk := VE7+k̟7 with k ∈ Z2. The conformal weights of N0 and
N1 are 0 and 3/4, respectively. Since PE8 ⊠ Nk = N1+k for each k ∈ Z2, it follows that Mod =
{L(Nk;−1/20), L(Nk; 3/4) | k ∈ Z2, k is odd} and Modtw = {L(Nk;−1/20), L(Nk; 3/4) | k ∈ Z2, k is even}.
The space S has a basis χL(N0;−1/20), χL(N0;3/4) with the conformal weights −1/20, 3/4, respectively.
Since the central charge ofW (E8) is 32/5, the exponents of the basis of S are −19/60, 29/60, which
shows that each element of S satisfies (♯µ(19/5)) by Lemma 6.1. Since the left-hand side of (♭32/5)
is rewritten as a linear combination of derivatives of the left-hand side of (♯µ(19/5)) as in (B.1) in
Appendix B, each element of S satisfies (♭32/5).
These proves the statements. 
Remark 7.1. (a) If we formally set h∨ = 24 (the number 24 is not the dual Coxeter number of
any Lie algebra in the Deligne exceptional series) into (1.1), we see that (♭6) also has a solution
of CFT type. The number h∨ = 24 appears in many studies related with the Deligne exceptional
series (see e.g. [CdM], [MMS1], [LM] and [K1]). A similar phenomenon is observed in the study
of the second order MLDEs (see [MMS1] and [K1]). We now explain this phenomenon. Let g be
a Lie algebra in the Deligne exceptional series. The characters of the affine VOA V1(g) associated
with g satisfy (♯µ(cg/2)), where cg is the central charge cg = dim g/(1 + h
∨) of V1(g). Since the
Lie algebra g in the Deligne exceptional series satisfies dim g = 2(5h∨ − 6)(h∨ + 1)/(h∨ + 6) by
the Deligne dimension formula (see e.g. [CdM] and [D]), the number cg is a rational function in
h∨. If we formally substitute h∨ = 24 into the rational function cg in h∨, we have cg = 38/5, and
(♯µ(19/5)) has solutions of CFT type and character type. A vertex algebra VE7+1/2 associated with
the intermediate Lie algebra E7+1/2 ([LM, W]) was constructed in [K1], and modular invariant
characters of VE7+1/2 were shown to satisfy (♯µ(19/5)) (see [K1]). If we formally substitute h
∨ = 3/2
into the rational functions cg and (1.1), we have cg = 2/5 and s = −6/5. The MLDE (♯µ(1/5)) has
a solution of CFT type with the exponent −cg/24(= −1/60), and (♭−6/5) has a solution f = 1.
(b) Let g be a Lie algebra in the Deligne exceptional series and M a unique Ramond-twisted
irreducible W−h∨/6(g, fθ)-module with the minimum conformal weight. Since the character of M
is of CFT type, we can obtain for any given n ≥ 0 a formula for dim Mn in terms of the variable
h∨ by using (3.1) with a0 = 1 (cf. [T]).
8. Characterization of W-algebras associated with the Deligne exceptional
series
Recall the Main Conditions given in Introduction. In this section we prove the following
theorem.
Theorem 8.1. Let W be a simple, C2-cofinite, Z2-rational,
1
2
Z≥0-graded, conical vertex operator
algebra. Suppose that W satisfies the Main Conditions. Then W is isomorphic to W−h∨/6(g, fθ)
associated with a Lie algebra g 6= A1 in the Deligne exceptional series.
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In order to prove Theorem 8.1, we will show several propositions. Let W =
⊕
n∈(1/2)ZWn be
a simple, C2-cofinite, Z2-rational,
1
2
Z≥0-graded, conical VOA with central charge c ∈ C. Assume
that W satisfies the Main Conditions. Then we have a complex number s which satisfies (a) in
the Main Conditions. Moreover, we have a simple, C2-cofinite, rational VOA V of CFT type, and
a simple current V -module P satisfying (b).
We first give candidates of the number s.
Proposition 8.1. The number s is one of −3/5, 2/5, 6/5, 12/5, 18/5, 22/5, 27/5, 6 and 32/5.
Proof. We first show that s belongs to (4.2) and that s 6= −48/5 nor −38/5. By using (b), we have
an irreducible Ramond-twisted W -module L(V ;−1/20) (this notation is defined in Definition 6.1).
Since c+3/5 is the central charge of V , we have c ∈ Q ([AM]). Since χL(V ;−1/20)(τ) = q−c/24−1/20(1+
O(q)) by (c), the character of L(V ;−1/20) is of CFT type. Since W is Z2-rational, the space of
characters of Ramond-twisted W -modules is SL2(Z)-invariant ([Va]), which shows that χL(V ;−1/20)
is not a quasimodular form of positive depth. It then follows from Theorem 4.1 that s belongs
to (4.2). The above SL2(Z)-invariance of characters also shows that s 6= −48/5 nor −38/5 by
Proposition 4.2.
We finally show s 6= −6/5, 54/5, 18,−66/5,−6 nor −8/5. Since the indices of (♭s) do not have
non-zero integral differences by (a), we have s 6= 54/5, 18,−66/5 nor −6. By using (c) again, we
have χL(V ;−1/20) ≥ χL(−3/5,−1/20). Here we say that two functions f and g of character type satisfy
f ≥ g if an ≥ bn for any n ∈ Z≥0, where f(τ) =
∑∞
n=0 anq
n+α and g(τ) =
∑∞
n=0 bnq
n+β denote
the Fourier expansions of f and g with a0, b0 6= 0. However, the solutions of CFT type of (♭−6/5)
and (♭−8/5), which can be found in Appendix B (c) and (q), are not greater than nor equal to
χL(−3/5,−1/20) because χL(−3/5,−1/20)(τ) = q1/40(1 + q + q2 +2q3 +O(q)). Thus s 6= −6/5 nor −8/5,
which completes the proof. 
We next construct a VOA R from V and P . We will later show that the characters of R satisfy
a specific MLDE of order 2 if s 6= 32/5. (Then by Theorem 7.1, we specify R, which enables us
to determine V and P .) Let A1 be a simple Lie algebra of type A1 and α a positive root of A1.
The affine VOA V1(A1) has a unique non-vacuum irreducible module V1(A1;α/2). It is well known
that V1(A1;α/2) is a simple current with V1(A1;α/2)⊠ V1(A1;α/2) = V1(A1) and the conformal
weight of V1(A1;α/2) is 1/4.
Proposition 8.2. There is a unique vertex operator algebra R of the form R ∼= V ⊗V1(A1)⊕P ⊗
V1(A1;α/2), which is called the simple current extension of V ⊗ V1(A1) by P ⊗ V1(A1;α/2).
Proof. Put A = V ⊗V1(A1) and B = P⊗V1(A1;α/2). Since the conformal weight of B is an integer,
we have a superVOA R such that R = A⊕B, which is unique up to isomorphisms of superVOAs
(see [C]). Let u be a non-zero element of P and v a highest weight vector of L(−3/5, 3/4). SinceW
is simple, w = u ⊗ v ∈ W satisfies Y (w, z)w 6= 0. Take a ∈ Z such that zaY (w, z)w ∈ W [[z]] and
zaY (w, z)w|z=0 6= 0. AsW is a VOA, it follows from Lemma 5.1 that e−π
√−1a = 1. Since v satisfies
v(1/2)v = k|0〉 with non-zero k ∈ C, where |0〉 is the vacuum vector of L(−3/5, 0), it follows
that z3/2Y (v, z)v ∈ L(−3/5, 0)[[z]] and z3/2Y (v, z)v|z=0 6= 0. Therefore, the element u satisfies
za−3/2Y (u, z)u ∈ V [[z]] and za−3/2Y (u, z)u|z=0 6= 0. A highest weight vector eα/2 ∈ V1(A1;α/2)
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of h-weight α/2 satisfies eα/2(−3/2)eα/2 = k1eα with a non-zero number k1 ∈ C, where eα is
a homogeneous element of h-weight α. It then follows that z−1/2Y (eα/2, z)eα/2 ∈ V1(A1)[[z]] and
z−1/2Y (eα/2, z)eα/2|z=0 6= 0. Therefore, u1 = u ⊗ eα/2 ∈ R satisfies za−2Y (u1, z)u1 ∈ R[[z]] and
za−2Y (u1, z)u1|z=0 6= 0. It follows from Lemma 5.1 that R is a VOA since e−π
√−1(a−2) = 1. 
We next describe the irreducible modules over V . It turns out in the following proposition that
the space of characters of V -modules is at most 4-dimensional, which will show that the space
of characters of R-modules is at most 2-dimensional. We denote by hM the conformal weight of
an irreducible V -moduleM . Let A denote the set of isomorphism classes of irreducible V -modules
M which satisfy hM 6∈ Z and hM⊠P − hM ∈ 3/4 + Z.
Proposition 8.3. The set {V, P} ⊔ A ⊔ (A ⊠ P ) is the complete set of the isomorphism classes
of irreducible V -modules, where A ⊠ P = {M ⊠ P |M ∈ A}. Moreover, for any M,N ∈ A, both
equalities χM = χN and χM⊠P = χN⊠P hold.
To show the proposition, we will prove several lemmas.
We write the conformal weight of each irreducible Ramond-twisted W -module L as rL.
Lemma 8.1. (I) For any irreducible V -module M , the conformal weights of M and M ⊠P satisfy
either hM⊠P − hM ∈ 3/4 + Z or 1/4 + Z. (II) Let M be an irreducible V -module such that
hM⊠P − hM ∈ 3/4 + Z. Then the following assertions (1)–(6) hold: (1) If hM⊠P − hM ≥ −1/4,
then rL(M ;−1/20) = hM − 1/20. (2) If hM⊠P − hM ≤ −1/4, then rL(M ;−1/20) = hM⊠P + 1/5. (3) If
hM⊠P − hM ≥ 3/4, then rL(M ;3/4) = hM + 3/4. (4) If hM⊠P − hM ≤ 3/4, then rL(M ;3/4) = hM⊠P .
(5) rL(M ;3/4) − rL(M ;−1/20) ∈ 4/5 + Z. (6) rL(V ;−1/20) = −1/20 and rL(V ;3/4) = 3/4.
Proof. The assertion (I) follows from condition (h). Since rL(M ;−1/20) = min{hM − 1/20, hM⊠P +
1/5} and rL(M ;3/4) = min{hM + 3/4, hM⊠P}, we have assertions (1)–(5). The assertion (6) follows
from (e). 
Lemma 8.2. Let M be an irreducible V -module such that hM⊠P −hM ∈ 3/4+Z. If hM ∈ Z, then
M is isomorphic to V .
Proof. If hM = 0, then M ∼= V by (d). We show hM = 0 by contradiction. Suppose on the
contrary that hM ∈ Z>0 and let k be an element of {−1/20, 3/4}. Since both L(M ; k) and L(V ; k)
are Ramond-twisted by Lemma 6.2, the number rL(M ;k) − rL(V ;k) is an integer.
We now show rL(M ;k) = rL(V ;k) by contradiction. Suppose that rL(M ;k) 6= rL(V ;k), which implies
that χL(M ;k) and χL(V ;k) are linearly-independent. Then we have i, j ∈ {1, . . . , 4} such that i 6= j,
αi − αj ∈ Z and rL(V ;k) ∈ αi + Z. Here α1, . . . , α4 are the indices of (♭s). It follows by (a)
that αi = αj. Since (♭s) has at most one pair of multiple indicial roots, we have a solution
with a logarithmic term, and the space spanned by the solutions of (♭s) of character type whose
exponents belong to αi+Z is one-dimensional. It contradicts the linearly-independence of χL(M ;k)
and χL(V ;k). Hence, rL(M ;k) = rL(V ;k).
The equality rL(M ;−1/20) = rL(V ;−1/20), Lemma 8.1 and hM 6= 0 show that hM⊠P + 1/5 = −1/20
and hM⊠P − hM < −1/4. Therefore, hM⊠P = −1/4 and hM > 0. By using Lemma 8.1 again, we
have rL(M ;3/4) = −1/4. As rL(V ;3/4) = min{3/4, hP}, condition (c) leads to rL(V ;3/4) ≥ 0, which
contradicts rL(M ;3/4) = rL(V ;3/4). Thus we have hM = 0, which completes the proof. 
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Lemma 8.3. Let M and N be elements of A and suppose that (A) rL(M ;−1/20) = rL(N ;−1/20) and
(B) rL(M ;3/4) = rL(N ;3/4) hold. Then χM = χN and χM⊠P = χN⊠P .
Proof. We first show that either
(8.1) hM = hN or hM⊠P = hN⊠P
holds, whose proof is divided into 4 cases: 1. hM⊠P − hM < −1/4, 2. hM⊠P − hM = −1/4,
3. hM⊠P − hM = 3/4, and 4. hM⊠P − hM > 3/4.
1. By Lemma 8.1, we have rL(M ;−1/20) = hM⊠P + 1/5 and rL(M ;3/4) = hM⊠P . Suppose that
hN⊠P−hN ≤ 3/4, which implies rL(N ;3/4) = hN⊠P . Then we have hM⊠P = hN⊠P by assumption (2).
Suppose that hN⊠P − hN > 3/4. It then follows that rL(N ;−1/20) = hN − 1/20 and rL(N ;3/4) =
hN + 3/4, which contradict (A) or (B). Thus, we have (8.1) in this case.
2. Suppose hM⊠P − hM = −1/4. Then rL(M ;−1/20) = hM − 1/20 = hM⊠P + 1/5 by Lemma 8.1.
Since rL(N ;−1/20) = min{hN − 1/20, hN⊠P + 1/5}, the assumption (A) forces (8.1).
The assertions 3–4 are proved in a similar way, which completes the proof of (8.1).
We now prove the lemma. Suppose first that hM = hN . Then we have χM = χN by (e). It then
follows from (A) and (f) that χL(M ;−1/20) = χL(N ;−1/20), which shows χM⊠P = χN⊠P . In a similar
way, we have χM = χN and χM⊠P = χN⊠P when hM⊠P = hN⊠P . Thus we have the lemma. 
Set Cs = {(i, j) | 1 ≤ i, j ≤ 4, αj − αi ∈ 4/5 + Z}. We have completed the preliminaries on the
proof of Proposition 8.3.
Proof of Proposition 8.3. Let M and N be elements of A. Since P ⊠ P ∼= V , by Lemma 8.1 (I)
and Lemmas 8.2–8.3, it suffices to show rL(M ;k) = rL(N ;k) for each k = −1/20, 3/4. We devide the
proof into 3 parts: 1. s 6= 6 nor 6/5, 2. s = 6, and 3. s = 6/5.
1. Suppose that s 6= 6 nor 6/5. It then follows by Proposition 8.1 that Cs = {(1, 2), (3, 4)}. Since
hM , hN 6∈ Z, Lemma 8.1 (5) shows that the following (A) or (B) holds:
(A) rL(V ;−1/20) = α1, rL(V ;3/4) = α2, rL(M ;−1/20) = rL(N ;−1/20) = α3, and rL(M ;3/4) = rL(N ;3/4) = α4;
(B) rL(V ;−1/20) = α3, rL(V ;3/4) = α4, rL(M ;−1/20) = rL(N ;−1/20) = α1, and rL(M ;3/4) = rL(N ;3/4) = α2.
Hence we have rL(M ;k) = rL(N ;k) for k = −1/20, 3/4.
2. If s = 6, then there exists a unique pair of 1 ≤ i < j ≤ 4 such that αi = αj. Therefore,
there is a solution of (♭s) with a logarithmic term, and the space of characters of Ramond-twisted
W -modules is at most 3-dimensional. Hence, there are at most 3 conformal weights ofW -modules.
Since hM , hN 6∈ Z, the numbers rL(M ;−1/20) and rL(N ;−1/20) do not belong to rL(V ;−1/20)+Z. Hence,
rL(M ;−1/20) = rL(N ;−1/20) = rL(V ;3/4), and eventually, rL(M ;3/4) = rL(N ;3/4).
3. If s = 6/5, then we see that (αi)1≤i≤4 = (−1/10, 7/10, 3/10, 1/10) and C6/5 = {(3, 4), (4, 1), (1, 2)}.
Since there are no integral differences between the indices, the exponent of any irreducible Ramond-
twisted W -module belongs to {αi|1 ≤ i ≤ 4}. Let N0, N1 and N2 be irreducible V -modules such
that hN i⊠P − hN i ∈ 3/4 + Z for each 0 ≤ i ≤ 2. It then follows that rL(N i;−1/20) ∈ {α1, α3, α4}.
Hence, it suffices to show that #{rL(N i;−1/20)|i = 0, 1, 2} ≤ 2. Suppose on the contrary that the
exponents of L(N0;−1/20), L(N1;−1/20) and L(N2;−1/20) are α3, α4 and α1, respectively. It
then follows that the exponent of L(N1; 3/4) is α1. Therefore, (g) implies that the W
(0)-module
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N2⊗L(−3/5,−1/20) is isomorphic to one of the modules N1⊗L(−3/5, 3/4), (N1⊠P )⊗L(−3/5, 0),
(N1)′ ⊗ L(−3/5, 3/4)′ and (N1 ⊠ P )′ ⊗ L(−3/5, 0)′. It contradicts L(−3/5, 0)′ ∼= L(−3/5, 0) and
L(−3/5, 3/4)′ ∼= L(−3/5, 3/4). Thus, #{rL(N i;−1/20)|i = 0, 1, 2} ≤ 2, which shows rL(M ;k) = rL(N ;k)
for k = −1/20 and 3/4.
The discussions 1–3 show the lemma. 
We now give a proof of Theorem 8.1.
Proof of Theorem 8.1. We divide a proof into two parts (A): A = ∅ and (B): A 6= ∅.
The case (A) Suppose that A = ∅. It then follows from Proposition 8.3 and (h) that the space
of characters of Ramond-twisted W -modules has a basis (χL(V ;−1/20), χL(V ;3/4)). Then we see that
s = 32/5 by Propositions 4.1 and 8.1. Since any solution of (♭32/5) of CFT type has an exponent
−19/60 by § 3, we see that χL(V ;−1/20) has the exponent −19/60 and χL(V ;3/4) is not of CFT type.
Therefore, the central charge of V is 7 and hP = 3/4. Then Lemma 6.1 shows that the characters
of V satisfy (♯µ(7/2)), which implies dimV1 = 133. By using (d), we see that the VOA V is self-
dual. Therefore, by Theorem 6.1 we have V ∼= V1(E7) and P ∼= V1(E7;̟7), and then V ∼= UE8
and P ∼= PE8. By Lemma 7.1, we see that W ∼=W−5(E8, fθ).
The case (B) Suppose that A 6= ∅. Then we have an element M of A. Set L0 = L(V ;−1/20),
L1 = L(V ; 3/4), L2 = L(M ;−1/20) and L3 = L(M ; 3/4) with the characters χ0, χ1, χ2 and χ3,
respectively. It then follows from Proposition 8.3 that the space of characters of Ramond-twisted
W -modules has a spanning set {χ0, χ1, χ2, χ3}. Define m ∈ Z by hM⊠P − hM = 3/4 + m. By
Lemma 8.1, the conformal weights ri of L
i are
(r0, r1, r2, r3) =
{
(−1/20, 3/4, hM − 1/20, hM + 3/4) if m ≥ 0,
(−1/20, 3/4, hM +m+ 19/20, hM +m+ 3/4) if m ≤ −1.
By comparing the exponents of L0, L1, L2 and L3 and indicial roots of (♭s), we see that m ≤ −1,
s = c and c = 12hM + 12m+ 42/5.
By Proposition 8.2, we have the simple current extension R of V ⊗V1(A1) by P⊗V1(A1;α/2). It
follows from Proposition 8.3 that the space of characters of R-modules has a basis which consists
of the characters of R itself and K = M ⊗ V1(A1) ⊕ (M ⊠ P ) ⊗ V1(A1;α/2). Since m ≤ −1,
the conformal weight of K is hM +m + 1. As the central charge of V is 12hM + 12m + 9, that
of R is 12hM + 12m + 10. Since the exponents of the characters of R coincide with the indices
of (♯µ(6hM+6m+5)), the characters of R satisfy (♯µ(6hM+6m+5)) by Lemma 6.1. It follows from (d)
that R is self-dual. As A1 ⊂ R1, Theorem 6.1 implies that R ∼= V1(g) with a Lie algebra g in
the Deligne exceptional series. Since P 6= 0 and R has two irreducible modules, it follows that
g 6= A1 and E8. Therefore, we have V = Ug, P = Pg and that W is isomorphic to W−h∨/6(g, fθ)
by Lemma 7.1. Thus we have proved Theorem 8.1. 
9. The other identification problems
In Theorem 7.1, we find rational VOAs whose characters satisfy (♭s) when s has the form (1.1)
with the dual Coxeter number h∨ of one of the Lie algebras in the Deligne exceptional series.
Moreover, we discuss the case of s = 6 and s = −6/5 (these numbers are given by (1.1) with
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h∨ = 24 and 3/2) in Remark 7.1. In this section we discuss about the problem how to find rational
VOAs whose characters satisfy (♭s), where s is one of the remaining numbers appearing in (4.2).
(1) s = −48/5. By Proposition 4.2, the characters of a simple C2-cofinite rational VOA of CFT
type do not satisfy (♭−48/5). The affine VOA V = V−3/2(G2) at admissible level −3/2 is not C2-
cofinite but semi-simple in the category O. The VOA V has two ordinary irreducible modules
with the conformal weights 0 and 4/5. The characters of ordinary modules over affine VOAs
at admissible levels satisfy MLDEs ([AK]). Since the central charge of V−3/2(G2) is −42/5, the
irreducible characters have the forms q7/20(1+14q+
∑∞
n=2 anq
n) and q23/20(7+
∑∞
n=1 bnq
n) with non-
negative integers an and bn. Since the solutions f0 and 7f4/5 of (♭s) defined in (a) of Appendix B
also have this form, we propose a conjecture below.
Conjecture 1. The characters of the irreducible ordinary modules over V−3/2(G2) coincide with
the solutions f0 and 7f4/5 of (♭−48/5).
Note that if this conjecture is true, The solution f0 in (a) in Appendix B gives a character
formula of V−3/2(G2) in terms of modular forms in Table 2.
(2) s = −38/5. The same argument as in (1) suggests the following conjecture.
Conjecture 2. There exists an extension V of the admissible affine vertex operator algebra
V−4/3(A2) of the form V ∼= V−4/3(A2) ⊕ V−4/3(A2; 2̟1) ⊕ V−4/3(A2; 2̟2). Moreover, the char-
acters of the ordinary irreducible modules over V coincide with the solutions f−8/15 and f−1/3
of (♭−38/5) up to a scalar multiple.
(3) Let s be an element of {54/5, 18,−66/5,−6}. Let V be a rational VOA and suppose that
the characters of V satisfy (♭s). There is a solution of vacuum type of (♭s) of exponent −s/24.
However, since 1−s/24 is the exponent of a solution of (♭s), it is difficult to know the dimension of
the Lie algebra V1. If we know dimV1, we have finite candidates of the structure of V1, and it often
enables us to find affine subVOA of V . Then by using the representation theory of affine VOA’s,
there is a chance to determine the structure of V . However, since it is difficult to determine dim V1
in this case, we can not use this discussion, which makes it difficult to find V . When s = 18 or
−6, the character of the trivial VOA V = C satisfies (♭s) since f = 1 is a solution of (♭s).
(4) s = −8/5. The characters of the Virasoro minimal model L(−22/5, 0) coincide with the
solutions f0 and f−1/5 of (♭−8/5).
Appendix A. Modular forms, differential relations and functional equations
In this appendix we introduce some modular forms of levels N = 2–5 and 15 to describe
solutions of (♭s) in Appendices B–C. The modular forms are listed in Table 2. Moreover, we list
some differential relations and functional equations of modular forms in (a)–(g) below. By using
these, we can prove that the functions listed in Appendices B–C are solutions of (♭s).
The first column of Table 2 is the names of the modular forms f . The second column shows the
Fourier expansion f(τ) =
∑∞
n=0 anq
n+α of f , where τ ∈ H and q = e2πiτ . The third and fourth
columns are the weight and level of f , respectively.
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Table 2. Modular Forms
Name Fourier Expansion Weight Level
H2 1 + 24
∑∞
n=1
(∑
d|n, d:odd d
)
qn 2 2
∆2 η(q
2)16/η(q)8 2 2
I3 1 + 6
∑∞
n=1
(∑
d|n
(
d
3
))
qn 1 3
∆3 η(q
3)3/η(q) 1 3
θ
∑
n∈Z q
n2 1/2 4
∆4 η(q
4)2/η(q2) 1/2 4
ψ1 η(q)
2/5
{
q−1/60
∏
n>0
n 6≡0,±2 mod 5
(1− qn)−1
}
1/5 5
ψ2 η(q)
2/5
{
q11/60
∏
n>0
n 6≡0,±1 mod 5
(1− qn)−1
}
1/5 5
I15 η(q
3)2η(q5)2/η(q)η(q15) 1 15
∆15 η(q)
2η(q15)2/η(q3)η(q5) 1 15
These modular forms and Eisenstein series satisfy the following differential relations and func-
tional equations.
(a) Level 2
6H ′2 = E2H2 −H22 + 192∆22 , E4 = H22 + 192∆22 ,
6∆′2 = (E2 + 2H2)∆2 , E6 = (H
2
2 − 576∆22)H2 .
(b) Level 3
12I ′3 = E2I3 − I33 + 108∆33 , E4 = I3(I33 + 216∆33) ,
12∆′3 = (E2 + 3I
2
3 )∆3 , E6 = I
6
3 − 540I33∆33 − 5832∆63 .
(c) Level 4
24θ′ = (E2 − θ4 + 80∆44)θ , E4 = θ8 + 224θ4∆44 + 256∆84 ,
24∆′4 = (E2 + 5θ
4 − 16∆44)∆4 , E6 = (θ4 + 16∆44)(θ8 − 544θ4∆44 + 256∆84) .
(d) Level 5
60ψ′1 = (E2 − ψ101 + 66ψ51ψ52 + 11ψ102 )ψ1 , 60ψ′2 = (E2 + 11ψ101 − 66ψ51ψ52 − ψ102 )ψ2 ,
E4 = ψ
20
1 + 228ψ
15
1 ψ
5
2 + 494ψ
10
1 ψ
10
2 − 228ψ51ψ152 + ψ202 ,
E6 = (ψ
10
1 + ψ
10
2 )(ψ
20
1 − 522ψ151 ψ52 − 10006ψ101 ψ102 + 522ψ51ψ152 + ψ202 ) .
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(e) Level 10
6H2(q
5)′ = 5{E2(q5)H2(q5)−H2(q5)2 + 192∆2(q5)2} ,
6∆2(q
5)′ = 5∆2(q5){E2(q5) +H2(q5)} ,
5E2(q
5) = E2(q) + 4{ψ1(q)10 + ψ2(q)10} ,
55H2(q
5) = −3{5ψ2(q)10 + 7ψ1(q2)5ψ1(q)5 − 21ψ1(q2)5ψ2(q)5 + 30ψ2(q2)5ψ1(q)5}
+ 76ψ1(q
2)10 − 78ψ1(q2)5ψ2(q2)5 + 70ψ2(q2)10 ,
3000∆2(q
5)2 = 2{H2(q)2 − 60∆2(1)2} −H2(q)ψ1(q)10
−H2(q5){38ψ1(q)10 + 132ψ1(q)5ψ2(q)5 + 37ψ2(q)10} − 720∆2(q)∆2(q5)
+ 2H2(q){8ψ1(q2)10 − 26ψ1(q2)5ψ2(q2)5 + 3ψ2(q2)10}
+ 10H2(q
5){2ψ1(q2)10 − 2ψ1(q2)ψ2(q2)5 + 3ψ2(q2)10}
(f) Level 15
12I ′15 = (E2 − 5I215 − 2I15∆15 − 13∆215 + I23 )I15 ,
12∆′15 = (E2 + 13I
2
15 − 2I15∆15 + 5∆215 − 2I23 )∆15 .
12I3(q
5)′ = E2(q)I3(q5) + I3(q){4I15(q) + 4I15(q)∆15(q) + 2∆15(q)2}
− I3(q5){5I15(q)2 + 2I15(q)∆15(q)− 5∆15(q)2} ,
I3(q)
2 = 6I15(q)
2 + 6∆15(q)
2 − 5I3(q5)2 ,
I3(q)I3(q
5) = I15(q)
2 + 4I15(q)∆15(q)−∆15(q)2 ,
I3(q)
3 = 6I3(q){I15(q)2 +∆15(q)2} − 5I3(q5){I15(q)2 + 4I15(q)∆15(q)−∆15(q)2} ,
108∆3(q)
3 = I3(q){25I15(q)2 − 2I15(q)∆15(q)−∆15(q)2}
− 5I3(q5){5I15(q)2 + 8I15(q)∆15(q) + ∆15(q)2} ,
120ψ2(q)
10 = 45{I15(q)2 − 5∆15(q)2} − 6I3(q){14I15(q)− 2I15(q)∆15(q)− 5∆15(q)2}
+ 3I3(q
5){8I15(q) + 64∆15(q)− 5I3(q)}.
(g) Level 20
θ(q5)′ = θ(q5){E2(q) + 4ψ1(q)10 + 4ψ2(q)10 − 5θ(q5)4 + 400∆4(q5)4} ,
∆4(q
5)′ = ∆4(q
5){E2(q) + 4ψ1(q)10 + 4ψ2(q)10 + 25θ(q5)4 − 80∆4(q5)4} ,
θ(q)5 = 80θ(q)∆4(q)
4 − 5θ(q){ψ1(q)5 + ψ2(q)5}
+ 6θ(q5){ψ1(q)10 − 11ψ1(q)5ψ2(q)5 − ψ2(q)10} ,
∆4(q)
5 = 5∆4(q){θ(q)4 − ψ1(q)10 − ψ2(q)10}
+ 6∆4(q
5){ψ1(q)10 − 11ψ1(q)5ψ2(q)5 − ψ2(q)10} ,
40∆4(q)
3∆4(q
5) = 5θ(q)3θ(q5) + ψ1(q)
10 − 36ψ1(q)5ψ2(q)5 − ψ2(q)10
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− 6{ψ1(q4)10 − 36ψ1(q4)5ψ2(q4)5 − ψ2(q4)10} ,
48ψ1(q
4)10 = 2{5ψ1(q)10 + 36ψ1(q)5ψ2(q)5 + ψ2(q)10}+ 45θ2(q5){θ(q5)2 + θ(q)2}
− 2θ(q)θ(q5){135θ(q5)2 + 71θ(q)2}
− 160∆4(q)3∆4(q5) + 360ψ1(q4)5ψ1(q)5 − 504ψ2(q4)5ψ2(q)5 ,
48ψ2(q
4)10 = 2{ψ1(q)10 − 36ψ1(q)5ψ2(q)5 + 5ψ2(q)10}+ 45θ2(q5){θ(q5)2 + θ(q)2}
+ 2θ(q)θ(q5){135θ(q5)2 + 71θ(q)2}
+ 160∆4(q)
3∆4(q
5)− 504ψ1(q4)5ψ1(q)5 + 360ψ2(q4)5ψ2(q)5 .
By using the above (a)–(g), we can prove that the functions listed in Appendices B–C are
solutions of (♭s).
Appendix B. Modular linear differential equations with a solution of CFT
type
In this appendix we list a fundamental system of solutions of (♭s) in a case by case basis
when (♭s) has a solution of CFT type and does not have a quasimodular solution of positive
depth. Among s in (3.12), the numbers in (4.2) have the required conditions. The solutions of the
remaining cases are given in Appendix C. For r ∈ Q, the solution fr in this section has the form
fr(τ) = q
r−α/24(1 +O(q)), where α is a formal central charge of (♭s).
(a) s = −48/5. A fundamental system of solutions of (♭−48/5) is given by
f0 =
ψ2(q)∆2(q)
(
11ψ1(q)
10 − 66ψ1(q)5ψ2(q)5 − ψ2(q)10 +H2(q)
)
12η(q)42/5
= q7/20(1 + 14q + 119q2 + 770q3 + 4088q4 + 18676q5 + · · · ) ,
f4/5 =
ψ1(q)∆2(q)
(− ψ1(q)10 + 66ψ1(q)5ψ2(q)5 + 11ψ2(q)10 +H2(q))
84η(q)42/5
= q23/20
(
1 + 14q +
769
7
q2 + 642q3 + 3103q4 + 13078q5 + 49616q6 + · · ·
)
,
f−1/2 =
ψ2(q)
{−H2(q)2 + 192∆2(q)2 +H2(q)(22ψ1(q)10 − 132ψ1(q)5ψ2(q)5 − 2ψ2(q)10)}
21η(q)42/5
= q−3/20
(
1 + 40q + 381q2 + 2865q3 +
115789
7
q4 + 81261q5 + 348612q6 + · · ·
)
,
f−7/10 =
ψ1(q)
{
H2(q)
2 − 192∆2(q)2 +H2(q)
(
2ψ1(q)
10 − 132ψ1(q)5ψ2(q)5 − 22ψ2(q)10
)}
3η(q)42/5
= q−7/20
(
1− 63q − 1883q2 − 18403q3 − 122388q4 − 645036q5 − 2896215q6 + · · · ) .
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(b) s = −38/5. A fundamental system of solutions of (♭−38/5) is given by
f−8/15 =
ψ1(q)G1(I15(q),∆15(q), I3(q), I3(q
5))
16η(q)32/5
= q−4/15
(
1− 56q − 776q2 − 5088q3 − 24932q4 − · · · ) ,
f−1/3 =
ψ2(q)G1(I15(q),∆15(q),−I3(q),−I3(q5))
128η(q)32/5
= q−1/15
(
1 + 15q + 100q2 +
4629
8
q3 + 2635q4 + · · ·
)
,
f4/5 =
ψ1(q)G2(I15(q),∆15(q), I3(q), I3(q
5), ψ2(q)
5)
936493073280∆3(q)2η(q)32/5
= q16/15
(
1 +
28
3
q +
164
3
q2 +
752
3
q3 +
1955
2
q4 + · · ·
)
,
f0 =
ψ2(q)G3(I15(q),∆15(q), I3(q), I3(q
5), ψ2(q)
5)
31216435776∆3(q)2η(q)32/5
= q4/15
(
1 + 8q + 56q2 + 288q3 + 1254q4 + · · · ) ,
where G1(u, x, y), G2(u, v, x, y, w) and G3(u, v, x, y, w) are homogeneous polynomials of degree 3, 5
and 5, respectively (they are given in Appendix D).
(c) s = −6/5. The following functions are solutions of (♭−6/5):
f0 = 1 ,
f1/5 =
1
5
∫ q
0
ψ1(q)
4ψ2(q)
(
ψ1(q)
5 − 3ψ2(q)5
)dq
q
= q1/5
(
1 +
1
3
q +
12
11
q2 +
11
16
q3 +
4
7
q4 + · · ·
)
,
f4/5 =
1
15
∫ q
0
ψ1(q)ψ2(q)
4
(
12ψ1(q)
5 + 4ψ2(q)
5
)dq
q
= q4/5
(
1 +
28
27
q +
4
7
q2 +
80
57
q3 +
5
9
q4 + · · ·
)
.
It seems unlikely that f1/5 and f4/5 are modular forms (since denominators of the Fourier coeffi-
cients of them looks like unbounded). Since (♭−6/5) has the index 0 as a double root, (♭−6/5) has
a solution with logarithmic terms.
However, modular functions
f ′1/5
η4
=
ψ1(q)
4ψ2(q)
(
ψ1(q)
5 − 3ψ2(q)5
)
5η(q)4
,
f ′4/5
η4
=
ψ1(q)ψ2(q)
4
(
12ψ1(q)
5 + 4ψ2(q)
5
)
60η(q)4
on Γ(30) satisfy a third order MLDE
f ′′′ − 1
2
E2f
′′ +
(1
2
E ′2 −
9
100
E4
)
f ′ +
19
5400
E6f = 0 .
The other solution of this MLDE is given by
ψ1(q)
10 − 36ψ1(q)5ψ2(q)5 − ψ2(q)10
η(q)4
= q−1/6
(
1− 26q − 126q2 − 500q3 − · · · ) .
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(d) s = −3/5. A fundamental system of solutions of (♭−3/5) is given by
f0 =
θ(q) + θ(q5)
2η(q)3/5ψ1(q)
= q−1/40
(
1 + q + q2 + 2q3 + 3q4 + · · · ) ,
f4/5 =
θ(q)− θ(q5)
2η(q)3/5ψ2(q)
= q31/40
(
1 + q + q2 + 2q3 + 2q4 + · · · ) ,
f1/4 =
∆4(q) + ∆4(q
5)
η(q)3/5ψ1(q)
= q9/40
(
1 + q + 2q2 + 2q3 + 3q4 + · · · ) ,
f1/20 =
∆4(q)−∆4(q5)
η(q)3/5ψ2(q)
= q1/40
(
1 + q2 + q3 + 2q4 + 2q5 + · · · ) .
(e) s = 2/5. A fundamental system of solutions of (♭2/5) is given by
f0 =
I15(q)−∆15(q) + I3(q)
2η(q)8/5ψ1(q)
= q−1/15(1 + 4q + 8q2 + 20q3 + 37q4 + · · · ) ,
f4/5 =
−I15(q) + ∆15(q) + I3(q)
6η(q)8/5ψ2(q)
= q11/15
(
1 +
4
3
q +
10
3
q2 +
20
3
q3 +
38
3
q4 + · · ·
)
,
f1/3 =
G(I15(q),∆15(q), I3(q), I3(q
5))
864η(q)8/5ψ1(q)
= q4/15
(
1 +
5
2
q + 6q2 +
23
2
q3 + 23q4 + · · ·
)
,
f2/15 =
G(−I15(q),−∆15(q), I3(q), I3(q5))
432η(q)8/5ψ2(q)
= q1/15(1 + 2q + 7q2 + 12q3 + 26q4 + · · · ) ,
where
G(u, v, x, y) = 60(3u3+v3)+81(u−v)(u+v)x−(5u+9v−12x)x2−108(u2+v2)y−25(7u+3v)y2+15y3.
(f) s = 6/5. A fundamental system of solutions of (♭6/5) is given by
f0 =
ψ1(q)
(
ψ1(q)
5 + 2ψ2(q)
5
)
η(q)12/5
= q−1/10(1 + 8q + 23q2 + 68q3 + · · · ) ,
f1/5 =
ψ2(q)
(
2ψ1(q)
5 − ψ2(q)5
)
2η(q)12/5
= q1/10
(
1 +
9
2
q + 16q2 + 38q3 + · · ·
)
,
f2/5 =
ψ1(q)
4ψ2(q)
2
η(q)12/5
= q3/10
(
1 + 4q + 12q2 + 30q3 + · · · ) ,
f4/5 =
ψ1(q)
2ψ2(q)
4
η(q)12/5
= q7/10
(
1 + 2q + 7q2 + 16q3 + · · · ) .
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(g) s = 12/5. A fundamental system of solutions of (♭12/5) is given by
f0 =
1
40η(q)18/5ψ1(q)
{8ψ2(q)5
(
18ψ1(q)
5 + ψ2(q)
5
)
+ 16
(
ψ1(q
2)10 + 21ψ1(q
2)5ψ2(q
2)5 − 2ψ2(q2)10
)
+ 5H2(q) + 19H2(q
5)}
= q−3/20(1 + 18q + 81q2 + 306q3 + 909q4 + · · · ) ,
f4/5 =
1
360η(q)18/5ψ2(q)
{−8ψ2(q)5
(
18ψ1(q)
5 + ψ2(q)
5
)− 16(ψ1(q2)10 + 21ψ1(q2)5ψ2(q2)5
− 2ψ2(q2)10
)
+ 21H2(q)− 5H2(q5)}
= q13/20
(
1 +
34
9
q + 17q2 + 50q3 +
428
3
q4 + · · ·
)
,
f1/2 =
1
6η(q)18/5ψ1(q)6
{∆2(q)
(
5ψ1(q)
5 + ψ2(q)
5 + ψ1(q
2)5 − ψ2(q2)5
)
+∆2(q
5)
(
7ψ1(q)
5 − ψ2(q)5
− ψ1(q2)5 − 7ψ2(q2)5
)}
= q7/20
(
1 +
20
3
q + 27q2 + 89q3 +
766
3
q4 + · · ·
)
,
f3/10 =
1
2η(q)18/5ψ2(q)6
{∆2(q)
(− ψ1(q)5 + 5ψ2(q)5 + ψ1(q2)5 + ψ2(q2)5)+∆2(q5)(ψ1(q)5
+ 7ψ2(q)
5 + 7ψ1(q
2)5 − ψ2(q2)5
)}
= q3/20(1 + 9q + 39q2 + 131q3 + 387q4 + · · · ).
(h) s = 18/5. A fundamental system of solutions of (♭18/5) is given by
f0 =
ψ1(q)
2
(
ψ1(q)
10 + 24ψ1(q)
5ψ2(q)
5 − 6ψ2(q)10
)
η(q)24/5
= q−1/5(1 + 36q + 240q2 + 1144q3 + · · · ) ,
f2/5 =
ψ2(q)
2
(
6ψ1(q)
10 + 24ψ1(q)
5ψ2(q)
5 − ψ2(q)10
)
6η(q)24/5
= q1/5
(
1 + 14q +
461
6
q2 + 330q3 + · · ·
)
,
f3/5 =
ψ1(q)
4ψ2(q)
3
(
4ψ1(q)
5 + 3ψ2(q)
5
)
4η(q)24/5
= q2/5
(
1 +
39
4
q + 51q2 +
417
2
q3 + · · ·
)
,
f4/5 =
ψ1(q)
3ψ2(q)
4
(
3ψ1(q)
5 − 4ψ2(q)5
)
3η(q)24/5
= q3/5
(
1 +
20
3
q + 36q2 + 136q3 + · · ·
)
.
(i) s = 22/5. A fundamental system of solutions of (♭22/5) is given by
f0 =
G4(I15(q),∆15(q), I3(q), I3(q
5))
24ψ1(q)η(q)28/5
= q−7/30(1 + 56q + 476q2 + 2632q3 + 11270q4 + · · · ) ,
f4/5 =
G4(−I15(q),−∆15(q), I3(q), I3(q5))
504ψ2(q)η(q)28/5
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= q17/30
(
1 +
28
3
q +
1196
21
q2 +
752
3
q3 +
2851
3
q4 + · · ·
)
,
f2/3 =
G5(I15(q),∆15(q), I3(q), I3(q
5), ψ2(q)
5)
26309472ψ1(q)∆3(q)η(q)28/5
= q13/30(1 + 12q + 73q2 + 338q3 +
9070
7
q4 + · · · ) ,
f7/15 =
G6(I15(q),∆15(q), I3(q), I3(q
5), ψ2(q)
5)
7516992ψ2(q)∆3(q)
= q7/30
(
1 +
35
2
q + 112q2 +
1099
2
q3 + 2163q4 + · · ·
)
,
where G4(u, v, x, y), G5(u, v, x, y, w) and G6(u, v, x, y, w) are homogeneous polynomials of degree
3, 4 and 4, respectively (they are written in Appendix D).
(j) s = 27/5. A fundamental system of solutions of (♭27/5) is given by
f0 =
G7(θ(q), θ(q
5), ψ1(q)
5, ψ2(q)
5)
10ψ1(q)η(q)33/5
= q−11/40(1 + 99q + 1122q2 + 7425q3 + 37191q4 + · · · ) ,
f4/5 =
G8(θ(q), θ(q
5), ψ1(q)
5, ψ2(q)
5)
330ψ2(q)η(q)33/5
= q21/40
(
1 +
41
3
q + 98q2 + 513q3 + 2214q4 + · · ·
)
,
f3/4 =
G9(θ(q), θ(q
5), ψ1(q
4)5, ψ2(q
4)5,∆4(q)
3∆4(q
5))
9641984ψ1(q)∆4(q)η(q)33/5
= q19/40
(
1 + 15q +
1191
11
q2 + 577q3 + 2505q4 + · · ·
)
,
f11/20 =
G10(θ(q), θ(q
5), ψ1(q
4)5, ψ2(q
4)5,∆4(q)
3∆4(q
5))
7888896ψ2(q)∆4(q)η(q)33/5
= q11/40
(
1 + 22q +
506
3
q2 + 957q3 + 4279q4 + · · ·
)
,
where G7(u, v, x, y), G8(u, v, x, y) G9(u, v, x, y, w) and G10(u, v, x, y, w) are homogeneous polyno-
mials of degree 7, 7, 8 and 8, respectively, which are given in Appendix D.
(k) s = 6. The following functions are solutions of (♭6):
f0 =
ψ1(q)
3
(
ψ1(q)
15 + 126ψ1(q)
10ψ2(q)
5 + 117ψ1(q)
5ψ2(q)
10 − 12ψ2(q)15
)
η(q)36/5
= q−3/10(1 + 144q + 1926q2 + 14160q3 + 77499q4 + · · · ) ,
f3/5 =
ψ2(q)
3
(
12ψ1(q)
15 + 117ψ1(q)
10ψ2(q)
5 − 126ψ1(q)5ψ2(q)10 + ψ2(q)15
)
12η(q)36/5
= q3/10
(
1 +
99
4
q + 210q2 +
7739
6
q3 + 6195q4 + · · ·
)
,
f4/5 =
ψ1(q)
4ψ2(q)
4
(
9ψ1(q)
10 + 26ψ1(q)
5ψ2(q)
5 − 9ψ2(q)10
)
9η(q)36/5
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= q1/2
(
1 +
152
9
q + 134q2 + 772q3 +
10778
3
q4 + · · ·
)
.
The function η(q)12 = q1/2 + · · · is a modular form of weight 6 on Γ(2). Then we have
η(q)12 = η(q)36/5ψ1(q)ψ2(q)
(
ψ1(q)
10 − 11ψ1(q)5ψ2(q)5 − ψ2(q)10
)
since we see that the both-sides of this equality are solutions of ϑ6(f) = 0 by using functional
equations given in Appendix A (d), and the leading coefficients of both q-series are one. Hence,
fr is a modular function on Γ(10) for each r = 0, 3/5, 4/5.
We have the MLDE (♭6) by applying the Serre derivation ϑ6(F ) = F
′ − (E2/2)F to the third
order MLDE
f ′′′ − 1
2
E2f
′′ +
(1
2
E ′2 −
9
100
E4
)
f ′ +
9
200
E6f = 0,
which have the formal conformal weights 0, 3/5, 4/5 and formal central charge 6.
There is a solution of (♭6) with a logarithmic term of the form
(2π
√−1τ) · f4/5− q3/2
(2530
81
+
191600
693
q+
8906965
4788
q2+
5783927675
632016
q3+
385857740243
9927918
q4+O(q5)
)
.
(l) s = 32/5. There exist solutions of (♭32/5) of the forms
f0 =
ψ1(q)
4 (ψ1(q)
15 + 171ψ1(q)
10ψ2(q)
5 + 247ψ1(q)
5ψ2(q)
10 − 57ψ2(q)15)
η(q)38/5
= q−19/60(1 + 190q + 2831q2 + 22306q3 + 129276q4 + 611724q5 + · · · ) ,
f4/5 =
ψ2(q)
4 (57ψ1(q)
15 + 247ψ1(q)
10ψ2(q)
5 − 171ψ1(q)5ψ2(q)10 + ψ2(q)15)
57η(q)38/5
= q29/60
(
1 +
58
3
q +
493
3
q2 +
57362
57
q3 +
14761
3
q4 + 20734q5 + · · ·
)
.
The functions f0 and f4/5 satisfy (♯µ(19/5)) and the MLDE (♭32/5) is rewritten as
(B.1) ϑ6 ◦ ϑ4(L(f))− 11
3600
E4L(f) = 0 ,
where L(f) is the left-hand side of (♯µ(19/5)). Hence we have other two solutions which are given
by
f5/6 =
5
144
(
30f4/5(q)
ψ1(q)
4ψ2(q)
(
ψ1(q)
5 − 3ψ2(q)5
)
η(q)4
− f0(q)
∫ q
0
f4/5(q0)η(q0)
18/5ψ2(q0)
dq0
q0
)
= q31/60
(
1 +
200
11
q +
28647
187
q2 +
3989341
4301
q3 +
562835919
124729
q4 + · · ·
)
,
f19/30 =
19
144
(
10f0(q)
ψ1(q)ψ2(q)
4
(
3ψ1(q)
5 + ψ2(q)
5
)
19η(q)4
− f4/5(q)
∫ q
0
f0(q0)η(q0)
18/5ψ1(q0)
dq0
q0
)
= q19/60
(
1 +
133
5
q +
13243
55
q2 +
1454051
935
q3 +
168154408
21505
q4 + · · ·
)
.
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The latter two solutions are most likely not modular functions (since the denominators of coef-
ficients of q-series look like unbounded).
(m) s = 54/5. A fundamental system of solutions of (♭54/5) is given by
f0 =
P (ψ1(q), ψ2(q))
η(q)12
= q−1/2(1 + 36q + 2490q2 + 38360q3 + 398715q4 + · · · ) ,
f4/5 =
Q(ψ1(q), ψ2(q))
3η(q)22
= q3/10
(
1 +
212
3
q + 1312q2 + 14480q3 +
350635
3
q4 + · · ·
)
,
f1 =
R(ψ1(q), ψ2(q))
132η(q)12
= q1/2
(
1 +
95
2
q +
25360
33
q2 +
346965
44
q3 +
666770
11
q4 + · · ·
)
.
f6/5 =
S(ψ1(q), ψ2(q))
22η(q)12
= q7/10
(
1 +
372
11
q +
10779
22
q2 +
51626
11
q3 +
379482
11
q4 + · · ·
)
,
where
P (x, y) = x30 + 6x25y5 + 1875x20y10 − 6080x15y15 + 18135x10y20 − 1038x5y25 − 3y30,
Q(x, y) = x6y4(3x20 + 134x15y5 + 57x10y10 + 216x5y15 − 22y20),
R(x, y) = y5(132x30 + 2970x25y5 − 1520x20y10 + 7035x15y15 − 390x5y25 − y30),
S(x, y) = x4y6(22x20 + 216x15y5 − 57x10y10 + 134x5y15 − 3y20).
(n) s = 18. A fundamental system of solutions of (♭18/5) is given by
f−4/5 =
G11(ψ1(q), ψ2(q))
η(q)12
= q−4/5(1− 216q − 90984q2 − 4550240q3 − 107053506q4 + · · · ) ,
f0 = 1 ,
f4/5 =
G12(ψ1(q), ψ2(q))
4959η(q)96/5
= q4/5
(
1 +
248
3
q +
22360
9
q2 +
837856
19
q3 +
1680020
3
q4 + · · ·
)
.
f1 =
G13(ψ1(q), ψ2(q))
4408η(q)96/5
= q
(
1 + 63q +
31596
19
q2 +
4150739
152
q3 +
181085301
551
q4 + · · · ) ,
where G11(x, y), G12(x, y) and G13(x, y) are homogeneous polynomials of degree 23, 23 and 48,
respectively. They are given in Appendix D.
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(o) s = 66/5. A fundamental system of solutions of (♭66/5) is given by
f−1/5 = −P (ψ1(q), ψ2(q))
4η(q)12
= q−1/2
(
1− 315
4
q − 11570q2 − 456545
2
q3 − 2506845q4 − · · ·
)
,
f0 =
Q(ψ1(q), ψ2(q))
η(q)12
= q−3/10(1 + 232q + 4902q2 + 57276q3 + 490507q4 + · · · ) ,
f4/5 =
R(ψ1(q), ψ2(q))
1653η(q)12
= q1/2
(
1 +
80
3
q +
1010
3
q2 +
57840
19
q3 +
414330
19
q4 + · · ·
)
,
f8/5 =
S(ψ1(q), ψ2(q))
551η(q)12
= q13/10
(
1 + 24q +
5458
19
q2 +
45800
19
q3 +
8847495
551
q4 + · · ·
)
,
where
P (x, y) = x5
(
4x25 − 435x20y5 − 37265x15y10 − 44080x10y15 − 2755x5y20 + 1653y25) ,
Q(x, y) = x9y
(
x20 + 203x15y5 − 406x10y10 − 1653x5y15 + 551y20) ,
R(x, y) = y5
(
1653x25 + 2755x20y5 − 44080x15y10 + 37265x10y15 − 435x5y20 − 4y25),
S(x, y) = xy9
(
551x20 + 1653x15y5 − 406x10y10 − 203x5y15 + y20) .
(p) s = −6. A fundamental system of solutions of (♭−6) is given by
f−1/5 =
ψ1(q)
2 (ψ1(q)
10 − 66ψ1(q)5ψ2(q)5 − 11ψ2(q)10)
η(q)24/5
= q−1/5(1− 54q − 395q2 − 1836q3 − 6950q4 − · · · ) ,
f0 =
ψ1(q)
6ψ2(q) (2ψ1(q)
5 + 11ψ2(q)
5)
2η(q)24/5
= 1 +
33
2
q + 100q2 +
893
2
q3 + 1629q4 + · · · .
f1/5 =
ψ2(q)
2 (11ψ1(q)
10 − 66ψ1(q)5ψ2(q)5 − ψ2(q)10)
11η(q)24/5
= q1/5
(
1 + 4q +
296
11
q2 + 110q3 +
4344
11
q4 + · · ·
)
,
f1 =
ψ1(q)ψ2(q)
6 (11ψ1(q)
5 − 2ψ2(q)5)
11η(q)24/5
= q
(
1 +
68
11
q +
299
11
q2 +
1102
11
q3 +
3511
11
q4 + · · ·
)
,
(q) s = −8/5. The following two functions satisfy (♭−8/5):
f0 =
ψ2(q)
η(q)2/5
= q11/60(1 + q2 + q3 + q4 + q5 + · · · ) ,
f−1/5 =
ψ1(q)
η(q)2/5
= q−1/60(1 + q + q2 + q3 + 2q4 + 2q5 + · · · ) .
We see that f0 and f−1/5 also satisfy (♯µ(1/5)), and (♭−8/5) is rewritten as ϑ6 ◦ ϑ4(L1/5(f)) −
(551/3600)E4L1/5(f) = 0 , where L1/5(f) denotes the left-hand side of (♯µ(1/5)). Hence two other
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solutions are given by
f−1/6
=
1
36
{
30
ψ1(q)
7ψ2(q)
3
(
ψ(q)51 − 3ψ2(q)5
)(
ψ1(q)
10 − 11ψ1(q)5ψ2(q)5 − ψ2(q)10
)2
η(q)14
− f0(q)
∫ q
0
ψ1(q0)
5
(
ψ1(q0)
15 + 171ψ1(q0)
10ψ2(q0)
5 + 247ψ1(q0)
5ψ2(q0)
10 − 57ψ2(q0)15
)
η(q0)4
dq0
q0
}
= q1/60
(
1− 2
5
q +
1
11
q2 +
26
85
q3 +
434
1265
q4 +
9824
27115
q5 + · · ·
)
,
f19/30
=
5
36
{
10
ψ1(q)
3ψ2(q)
7
(
3ψ1(q)
5 + ψ2(q)
5
)(
ψ1(q)
10 − 11ψq(1)5ψ2(q)5 − ψ2(q)10
)2
η(q)14
− f−1/5(q)
∫ q
0
ψ1(q0)
5
(
57ψ1(q0)
15 + 247ψ1(q0)
10ψ2(q0)
5 − 171ψ1(q0)5ψ2(q0)10 + ψ2(q0)15
)
3η(q0)4
dq0
q0
}
= q49/60
(
1 +
38
33
q +
371
561
q2 +
22558
12903
q3 +
383219
374187
q4 +
938830
374187
q5 + · · ·
)
.
It is most likely that the last two solutions are not modular functions (since the denominators of
coefficients of q-series look like unbounded).
Appendix C. Bases of Modular linear differential equations with solutions of
quasimodular forms of positive depths
In this appendix we construct a fundamental system of solutions of (♭s) when (♭s) has a quasi-
modular solution of positive depth of CFT type. Among the candidates for s given in (3.12), the
six numbers −318/5, −198/5, −138/5, −78/5, −18/5 and 42/5 give such cases.
C.1. Quasimodular forms and solutions with logarithmic terms. If a MLDE L(f) = 0 of
weight k has solutions of quasimodular forms of weight k + r and depth r (> 0), then there are
solutions of L(f) = 0 with logarithmic terms (see [KNS]).
For a congruence subgroup Γ ⊂ SL2(Z), we now suppose that a quasimodular form Fk :=
AkE2 + Bk of weight k + 1 and depth 1 on Γ is a solution of a MLDE (of weight k on SL2(Z)),
where Ak and Bk are modular forms on Γ of weight k−1 and k+1, respectively. Then the function
Gk = G(Fk) = (2π
√−1)−1(Fk log q + 12Ak) is a solution because
Fk
∣∣∣∣
k
(
a b
c d
)
= cGk + d Fk for
(
a b
c d
)
∈ Γ
is a solution by modular invariance property. We find that(
Fk
Gk
)∣∣∣∣
k
(
a b
c d
)
=
(
d c
b a
)(
Fk
Gk
)
for each
(
a b
c d
)
∈ Γ .
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C.2. Solutions of modular linear differential equations of quasimodular forms of posi-
tive depths. In this subappendix we list solutions of (♭s) of quasimodular forms, where s is listed
in the beginning of Appendix C. By using construction in Subappendix C.1, we have a fundamental
system of the space of solutions of (♭s).
(a) s = −318/5. Let ψ1 and ψ2 be the modular functions defined in Appendix A. A set of two
linearly independent solutions of (♭−318/5) is given by
f0 =
F1
(
ψ1(q), ψ2(q)
)′
50841895104η(q)192/5
+
F2
(
ψ1(q), ψ2(q)
)
419325701671800η(q)312/5
= q13/5(1 + 260q + 30056q2 + 2119676q3 + 104823121q4 + · · · ) ,
f4/5 =
F1
(
ψ2(q),−ψ1(q)
)′
28346417433013680η(q)312/5
+
F2
(
ψ2(q),−ψ1(q)
)
5451234121733400η(q)312/5
= q17/5(1 + 236q + 25306q2 + 1680916q3 + 79143742q4 + · · ·
)
,
where F1(x, y) and F2(x, y) are homogeneous polynomials of degree 151 and 161, respectively.
(They are given in Appendix D). The solutions f0 and f4/5 are quasimodular forms of weight 1
and depth 1. The system (f0, f4/5, G(f0), G(f4/5)) is a fundamental system of solutions of (♭−318/5).
Here G(∗) is a function with a logarithmic term defined in Subappendix C.1.
(b) s = −198/5. A set of two linearly independent solutions of (♭−198/5) is given by
f0 =
F3
(
ψ1(q), ψ2(q)
)′
50841895104η(q)192/5
+
F4
(
ψ1(q), ψ2(q)
)
15888092220η(q)192/5
= q8/5(1 + 144q + 8880q2 + 331840q3 + 8770284q4 + · · · ) ,
f4/5 =
F3
(
ψ2(q),−ψ1(q)
)′
4236824592η(q)192/5
+
F4
(
ψ2(q),−ψ1(q)
)
1324007685η(q)192/5
= q12/5
(
1 +
380
3
q + 7164q2 + 251344q3 +
18958205
3
q4 + · · ·
)
,
where F3(x, y) and F4(x, y) are homogeneous polynomials of degree 91 and 101, respectively (they
are given in Appendix D). The solutions f0 and f4/5 are quasimodular forms of weight 1 and depth
1. The system (f0, f4/5, G(f0), G(f4/5)) is a fundamental system of solutions of (♭−198/5).
(c) s = −138/5. A set of two linearly independent solutions of (♭−138/5) is given by
f0 =
P
(
ψ1(q), ψ2(q)
)′
48360312η(q)132/5
+
Q
(
ψ1(q), ψ2(q)
)
21981960η(q)132/5
= q11/10(1 + 88q + 3256q2 + 74360q3 + 1232814q4 + · · · ) ,
f4/5 =
P
(
ψ2(q),−ψ1(q)
)′
4396392η(q)132/5
+
Q
(
ψ2(q),−ψ1(q)
)
1998360η(q)132/5
= q19/10(1 + 76q + 2584q2 + 55568q3 + 876329q4 + · · · ) ,
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where
P (x, y) = x(2x60 − 423x55y5 + 62386x50y10 + 17130550x45y15 + 257495595x40y20
+ 449723758x35y25 + 110860458x30y30 + 274470804x25y35 − 44451050x20y40
− 31757435x15y45 + 1691208x10y50 − 3542x5y55 − 11y60) ,
Q(x, y) = xy5(159x65 − 51748x60y5 − 1801195x55y10 − 11218651x50y15 + 431478190x45y20
− 348592259x40y25 + 1688812058x35y30 + 402533490x30y35 + 852888611x25y40
− 3573970x20y45 − 4304879x15y50 + 269233x10y55 + 1760x5y60 + y65) .
The solutions f0 and f4/5 are quasimodular forms of weight 1 and depth 1. Moreover, the system
(f0, f4/5, G(f0), G(f4/5)) is a fundamental system of solutions of (♭−138/5).
(d) s = −78/5. A set of linearly independent solutions of (♭−78/5) is given by
f0 =
P (ψ1(q), ψ2(q))
′
2604η(q)72/5
− Q(ψ1(q), ψ2(q))
2170η(q)72/5
= q3/5(1 + 36q + 576q2 + 6312q3 + 53739q4 + · · · ) ,
f4/5 = −P (ψ2(q),−ψ1(q))
23436η(q)72/5
+
Q(ψ2(q),−ψ1(q))
19530η(q)72/5
= q7/5
(
1 +
284
9
q + 476q2 + 4888q3 +
117116
3
q4 + · · ·
)
,
where
P (x, y) = y(6x30 + 1642x25y5 − 1440x20y10 − 20615x15y15 + 12665x10y20 − 123x5y25 − y30),
Q(x, y) = x5y(x10 − 11x5y5 − y10)(x25 − 435x20y5 − 6670x15y10 − 3335x5y20 + 87y25).
The solutions f0 and f4/5 are quasimodular forms of weight 1 and depth 1. Moreover, the system
(f0, f4/5, G(f0), G(f4/5)) is a fundamental system of solutions of (♭−78/5).
(e) s = −18/5. A set of linearly independent solutions of (♭−18/5) is given by
f0 =
5ψ2(q)
′
η(q)12/5
= q1/10(1 + 6q2 + 16q3 + 36q4 + 72q5 + · · · ) ,
f4/5 =
5ψ1(q)
′
3η(q)12/5
= q9/10
(
1 +
8
3
q + 6q2 + 16q3 +
101
3
q4 + 72q5 + · · ·
)
.
The solutions f0 and f4/5 are quasimodular forms of weight 1 and depth 1. Moreover, the system
(f0, f4/5, G(f0), G(f4/5)) is a fundamental system of solutions of (♭−18/5).
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(f) s = 42/5. A set of linearly independent solutions of (♭42/5) is given by
f0 =
5 {ψ2(q)4 (57ψ1(q)15 + 247ψ1(q)10ψ2(q)5 − 171ψ1(q)5ψ2(q)10 + ψ2(q)15)}′
28η(q)48/5
= q2/5(1 + 36q + 436q2 + 3536q3 + 21912q4 + 113760q5 + · · · ) ,
f1/5 =
5 {ψ1(q)4 (ψ1(q)15 + 171ψ1(q)10ψ2(q)5 + 247ψ1(q)5ψ2(q)10 − 57ψ2(q)15)}′
912η(q)48/5
= q3/5
(
1 + 25q + 276q2 +
8379
4
q3 + 12481q4 + 62859q5 + · · ·
)
.
The solutions f0 and f1/5 are quasimodular forms of weight 1 and depth 1. Moreover, the system
(f0, f4/5, G(f0), G(f4/5)) is a fundamental system of solutions of (♭−42/5).
Remark C.1. The numbers s = −318/5,−198/5,−138/5,−78/5,−48/5 and −38/5 in (3.12) has
the form s = −2(5h∨+9)/5 with the dual Coxeter numbers h∨ of the Lie algebras E8, E7, E6, D4, A2
and A1 (the simply-laced Lie algebras in the Deligne exceptional series). When we substitute
h∨ = 3/2, 4, 9 and 24 (the dual Coxeter numbers of the non simply-laced Lie algebras G2 and F4
in the Deligne exceptional series and formal dual Coxeter numbers of A1/2 and E7+1/2 [LM, K1])
in the above expression of s, we have s = −33/5,−58/5,−108/5 and −258/5. Let s be one of
the numbers −33/5,−58/5,−108/5 and −258/5. We believe that the modular linear differential
equation (♭s) has a solution of the form q
α1(5 +
∑∞
n=1 anq
n) with an ∈ Z≥0. We checked it for
small values of n: we see that an ∈ Z≥0 for 1 ≤ n < 100.
The MLDEs (♭282/5) and (♭132/5) can also have solutions of the form q
α1(5 +
∑∞
n=1 anq
n) with
an ∈ Z≥0.
Appendix D. The polynomials which expresses the solutions of modular linear
differential equations
In this appendix we define the polynomials appearing in the solutions of (♭s) in Appendices B–C.
G1(u, v, x, y) = 180(7u
3 + v3)− 9(11u2 − 31v2)x
− x2(213u+ 39v + 34x) + 162(u2 + v2)y − 5y2(195u− 15v + 17y) ,
G2(u, v, x, y, w) = −720(223958344u5 + 406176133v5)
+ (3184319633u4 − 197068307233v4 + 33362124000w4)x
+ 60(1353945577u3 + 878294370v3)x2 + 6(6929323501v2 − 1198443520w2)x3
− x4(1858938780v + 2043544673x) + 15(2134148833u4− 1674476673v4)y
− 1500(154243777u3 + 15399378v3)y2 − 10(11725793962u2 + 3577812017v2)y3
+ 7500(43261956u+ 12682717v)y4 + 71019200725y5 ,
G3(u, v, x, y, w) = 144(699752744u
5− 2362467v5)
+ (361371889u4 − 1097126369v4 + 1211988000w4)x
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+ 12(498413977u3 + 838363630v3)x2 + 6(574859825v2 + 326289904w2)x3
+ (1446719244v− 436791181x)x4 + 15(158488301u4 + 365080659v4)y
− 300(475629839u3 + 83270830v3)y2 − 10(940591436u2 + 521391871v2)y3
+ 1500(32993592u+ 10616473v)y4 + 5519145425y5 ,
G4(u, v, x, y) = 180u
3 + 27u2(3x− 4y) + 7u(x2 − 25y2)
+ 3(20v3 + 8x3 + 5y3 − 9v2(3x+ 4y)− v(7x2 + 25y2)) ,
G5(u, v, x, y, w) = 927276u
4 + 27002724v4 − 1508220u2y2 + 9998940v2y2
− 8u3(719719x+ 1768043y)− 8v3(1664689x+ 9604649y)
+ 4u(1080301x3 + 3999985y3) + 4v(390017x3 + 7292255y3)
− 49(120000w4 − 137104w2x2 + 7621x4 − 10925y4) ,
G6(u, v, x, y, w) = 927276u
4 + 27002724v4 − 1508220u2y2 + 9998940v2y2
− 8u3(257897x+ 1184773y)− 8v3(733055x+ 6576439y)
+ 4u(548167x3 + 2441935y3) + 4v(222227x3 + 2618105y3)
− 49(120000w4 − 137104w2x2 + 7621x4 − 10925y4) ,
G7(u, v, x, y) = 12u
5v2 + 60u4v3 + 3u2v(4v4 + 61x2 − 150xy − 39y2)
− 60uv2(5v4 + 5x2 + 5xy + 3y2)− 12v3(5v4 − 4x2 + 44xy + 4y2)
+ u3(300v4 + 55x2 − 18xy + 15y2),
G8(u, v, x, y) = 12u
5v2 − 60u4v3 + 12v3(5v4 + 4x2 − 44xy − 4y2)
− 60uv2(5v4 + 3x2 − 5xy + 5y2) + u3(300v4 + 15x2 + 18xy + 55y2)
− 3u2v(4v4 − 39x2 + 150xy + 61y2),
G9(u, v, x, y, w) = 738713u
8 + 105264u7v − 109300u6v2 − 339760u5v3
+ 2u4
(
764115v4 + 1803136w − 708480x2)+ 80u3 (33729v5 − 349760vw)
− 20u2 (136625v6 − 763776v2w)− 2546000uv7 + 3415625v8
+ 6400v4
(
695w + 1216x2 − 109y2)
+ 64
{
2023440w2 − 8w (8049x2 + 2936xy + 32151y2)
− 142563x4 − 33071418x2y2 − 228288xy3 − 34771y4} ,
G10(u, v, x, y, w) = 1564813u
8 − 315792u7v − 127492u6v2 + 1019280u5v3
− 6u4 (194875v4 + 1803136w − 708480x2)− 16u3 (505935v5 + 2039872vw)
− 20u2 (159365v6 + 2291328v2w)+ 7638000uv7 + 3984125v8
− 19200v4 (695w + 1216x2 − 109y2)
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+ 64
{
(1558352w2 + 40w
(
29311x2 + 301704xy − 5191y2)
+ 277889x4 − 65865346x2y2 + 684864xy3 − 45487y4} ,
G11(x, y) = x
8(x15 + 171x10y5 + 247x5y10 − 57y15)(x25 − 435x20y5 − 6670x15y10
− 3335x5y20 + 87y25),
G12(x, y) = y
8
(
57x15 + 247x10y5 − 171x5y10 + y15)(87x25 + 3335x20y5 + 6670x10y15
− 435x5y20 − y25)
G13(x, y) = x
4y9(4408x35 + 105792x30y5 + 255432x25y10 − 39585x20y15 + 224280x15y20
− 110124x10y25 + 4144x5y30 − 6y35).
F1(x, y) = y(26x
150 − 14027x145y5 + 4302519x140y10 − 1108131323x135y15 + 352658709221x130y20
+ 410367539820195x125y25 + 40445085344188305x120y30 + 1299280606676985415x115y35
+ 15619328979178395195x110y40 + 55612071446837334235x105y45
− 87018500083008224035x100y50 − 533269157005860756105x95y55
− 788818605648335112065x90y60 − 1013858166164551300020x85y65
− 296448112259269579710x80y70 − 1142271481069396890795x75y75
+ 1168196293014645641265x70y80 − 2113215283984202178330x65y85
+ 2233117451140029299360x60y90 − 1786660513705581667220x55y95
+ 791868758851817951430x50y100 − 151112565855362432510x45y105
+ 12466416846335713220x40y110 − 431194652630175240x35y115
+ 5161178221901730x30y120 − 5636816703218x25y125
− 22864978164x20y130 − 122736542x15y135 − 623536x10y140 − 2403x5y145 − 5y150) ,
F2(x, y) = x
5y(−x155 + 2795x150y5 − 1610905x145y10 + 626661790x140y15 − 272934105110x135y20
+ 5921185002218x130y25 + 2403876207873450x125y30 + 76784270584164950x120y35
+ 772577150281220900x115y40 − 2601547321924922600x110y45
− 132050328432197323010x105y50 − 761932811447226146950x100y55
− 646462771950208704200x95y60 − 2253288292561296417525x90y65
− 1120714651267256252025x85y70 − 4859622107798545477335x80y75
+ 1377006603588253977975x75y80 − 5767727038509251934525x70y85
+ 2918064034868992877075x65y90 − 2471409054146940922300x60y95
+ 203085067837087672160x55y100 − 317362540657481937650x50y105
+ 61492360597697519350x45y110 + 350110675044144200x40y115
− 419469534314529300x35y120 + 21455464506696458x30y125
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− 543093587090560x25y130 + 5212276736290x20y135 + 16214520280x15y140
+ 62528105x10y145 + 202921x5y150 + 375y155) ,
F3(x, y) = −x(3x90 − 903x85y5 + 159961x80y10 − 28650647x75y15 − 13575756015x70y20
− 474499473257x65y25 − 4010788885483x60y30 − 7747481577039x55y35 − 5318572158667x50y40
− 5669746887385x45y45 + 1236811165611x40y50 − 3418602513421x35y55 + 633550350937x30y60
+ 416362598871x25y65 − 52095354335x20y70
+ 1196042149x15y75 − 1716384x10y80 − 6032x5y85 − 16y90) ,
F4(x, y) = −xy5(231x95 − 87604x90y5 + 25209980x85y10 + 1278608345x80y15 + 28385930062x75y20
− 156161181524x70y25 − 3918089501554x65y30 + 2542402356410x60y35 − 21700694333270x55y40
− 5108101637858x50y45 − 21968910753568x45y50 − 1511305888168x40y55
− 8123129966420x35y60 + 467241056080x30y65 + 38837423474x25y70
− 5177696692x20y75 + 111522673x15y80 + 1101610x10y85 + 2000x5y90 + y95) .
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